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Preface
In 1953 something extraordinary happened at the Indian Association for the
Cultivation of Science in Calcutta. Amal Kumar Raychaudhuri, twenty-seven
years of age and employed ungainfuily as a scientific assistant at the Experimen¬
tal X-ray Section, made a startling theoretical discovery in General Relativity
(GR). Without assuming any symmetry constraint on the underlying spacetime,
he derived an equation which showed the unavoidable occurrence of spacetime
singularities in GR under quite general conditions. Nearly a decade later, by
global topological arguments utilizing the causal structure of spacetime and
Einstein’s equations, this result was given a complete mathematical general¬
ization and proved rigorously in terms of a set of precisely enunciated theorems,
now very well-known as singularity theorems, by Hawking, Penrose and Geroch.
The equation of Raychaudhuri was the critical starting point for these theorems
which held under more general conditions of which Raychaudhuri’s conditions
were a subset. Its import and significance were immediately recognized as was
evident from the fact that Prof. Charles Misner could obtain a grant from NSF
for an year’s visit of AKR to the University of Maryland in 1964.
The Raychaudhuri equation has three aspects which are logically sequen¬
tial. First and foremost, it is a geometric statement on the congruence of
non-spacelike paths, including geodesics, in an arbitrary spacetime manifold.
Second, on introducing the Principle of Equivalence, it becomes a statement
on the congruence of the trajectories of material particles and photons in an
arbitrary gravitational field. Finally, the use of Einstein’s equations and of
the energy conditions leads to the result that in a generally nonflat spacetime
manifold there exist trajectories which are necessarily incomplete in the sense
that they and their neighbouring trajectories inevitably focus into singulari¬
ties at finite comoving times. The equation describes how trajectories behave
during the course of their dynamical evolution, i.e. how they expand, recon¬
verge, get distorted under shearing effects of gravitational fields and rotate
under the influence of the energy density and matter fields present. The scope
of the Raychaudhuri equation is very wide since it is a geometric statement
on the evolution of paths in a general (not necessarily spacetime) manifold.
For gravitational dynamics, it encompasses all spacetime singularities from the
cosmological big bang to black holes and naked singularities that could arise
in astrophysics from collapsing stars.
More than fifty years have passed since this powerful equation was writ¬
ten down. In this intervening half-century, it has influenced different types
of research, not only in classical GR as well as in still incomplete theories of
quantum gravity, but also in string theory and even in hydrodynamics. There
is every likelihood that research involving the Raychaudhuri equation will take

Preface

new directions in future. Just to illustrate this point, let us mention that in the
currently fashionable Loop Quantum Cosmology, this equation is needed in a
new avatar in the possible avoidance of the cosmological big bang singularity.
Standing at the crossroads, we feel this to be an appropriate juncture to view
this equation in perspective. To this end, we have invited essays from several
experts, working in different areas, whose current research not only derives
inspiration from this equation, but in fact makes use of it in some way or the
other. We feel that, as a celebration of the golden jubilee of the birth of this
amazing equation, this is the best tribute that we can offer to the memory of
its deceased creator.
We thank all our authors for magnificently responding to our request for
their contributions.

We are grateful to the editorial board of Pramana for

agreeing to publish this volume and we especially thank Prof. Rohini Godbole
for facilitating that. The article by Professor Jurgen Ehlers is being produced
from the Proceedings of the International Conference on Einstein’s Legacy in

the New Millennium published in Int. J. Mod. Phys. D15 (2006). We thank
both the author and the publisher, World Scientific, for their permission to
reproduce it. Also reproduced is Prof. Raychaudhuri’s reminiscence from the

Proceedings of the Symposium on the Fortieth Anniversary of the Raychaudhuri
Equation held at IUCAA in December 1995.
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A little reminiscence*
A K RAYCHAUDHURI

I feel rather exhilerated by the honour that the organizers of ICGC-III have be¬
stowed on me by arranging a particular session in connection with my works. How¬
ever, I must confess that I am embarassed to speak at this meeting. Firstly, I
believe that a characteristic beauty of science is its objectivity but my presence
as a speaker apparently brings in a subjective element. Secondly, in a conference
like the present one, the discussions are generally on the pressing problems of the
present and possible developments that are likely to take place in the foreseeable
future. Frankly, I am an old, out-of-date person who is a misfit to take part in
such deliberations. In the circumstances, acceding to your request, all I can do is
to travel down the memory lane and tell you something about how I came across
the equation that bears my name.
It was early fifties when words like the black hole, static limit or geodesic in¬
completeness had not entered the scientific vocabulary and quite different types of
peculiarities were clubbed under the name ‘singularity’. My first interest was in the
so-called Schwarzschild singularity where some metric tensor components vanished
or blew up. Nevertheless, the metric determinant remained well behaved and the
signature condition was nowhere violated. This was an indication that this so-called
singularity was a peculiarity of the particular coordinate system, nevertheless, there
were some awkward questions to be answered:
(a) What does this peculiarity which has no analogue in Newtonian gravitation
signify?
(b) Is this singularity physically attainable?
Bergmann in his book ‘Introduction to the theory of relativity’ referred to an
unpublished work of Robertson on the penetrability of the ‘Schwarzschild singular¬
ity’ and also Einstein’s model of a rotating cluster in equilibrium. On the basis of
his model, Einstein conjectured that matter could not be compactified to an extent
sufficient for the appearance of the singularity. Bergmann’s concluding remark that
the Schwarzschild singularity is only ‘partly singular’ intrigued me.

’Reprinted from Proceedings of the Symposium on the Fortieth Anniversary of the Raychaudhuri Equation (IUCAA, 1995).
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Bergmann was apparently unaware of the work of Oppenheimer and Snyder on
the collapse of a spherical dust distribution and so was I. Thus I took up the
study of a collapsing homogeneous dust distribution, which could be imagined to
be a portion of a contracting Friedmann universe, in an outside empty space. The
problem was solved using a comoving coordinate system and provided a couterexample to Einstein’s conjecture. In view of the earlier work of Oppenheimer and
Snyder, the result was not new but my paper correctly considered the boundary
conditions which were overlooked by Oppenheimer and Snyder. This work led me
to the ultimate occurrence of the collapse singularity - the singularity with which
one is familiar with as the big bang origin of the universe.
But the then prevailing ideas about the big bang were confusing. Einstein spec¬
ulated that this singularity signalled a failure of the general theory of relativity for
high concentrations and intense fields and might be removed in a unified field theory
where there will be no separation between field and matter. Others thought that
the origin of the singularity lay in the assumptions of homogeneity and isotropy
and in a more realistic picture, the singularity will disappear. However, Einstein
did not succeed in building up such a unified field theory and Tolman and Omer
investigated a non-homogeneous model only to find that the singularity persisted.
True, the steady state theory did away with the singularity but a breakdown
of the long cherished conservation principle of energy did not find favour with the
average physicist.
In this background came Godel’s famous paper in 1949 - the Einstein issue of
the Reviews of Modern Physics. To be sure, I did not understand many parts of
the paper but it was remarkable that there was no singularity. No doubt there were
undesirable features - the closed timelike lines, absence of expansion and a large
cosmological term augmenting gravitational attraction. Nevertheless, there seemed
reasons to hope that one could so change the parameters, that an expansion will
be there, the closed time like lines will disappear and what seemed most important
to me, the singularity will not appear. With this naive hope I devoted considerable
time trying to discover such a solution. Little did I realise that what I was doing
was like searching in a dark night for a black cat which probably did not exist.
During this investigations, at same stage, a neat result of Einstein and Pauli
influenced me. In the process of proving the non-existence of an everywhere regular
solution representing a monopole, they have shown that the time-time component
of the Ricci tensor can be elegantly expressed as a divergence. Just out of curiosity, I
tried to figure out what this component will be in more general (i.e., non-static) case,
spherically when rotation (a la Godel) is introduced. Somewhat to my surprise, I
found that the expression was not only fairly simple but one could read the equation
physically, namely that the gravitation and shear (i.e. anisotropy of the velocity
field) augment collapse while centrifugal repulsion opposes it.
That was the elementary form of the’ equation. However, I had obtained this
by a rather clumsy method so that it might appear that the equation was coor¬
dinate dependent. Again I had assumed the velocity field to be geodesic and had
consequently missed an important term. All these defects were removed by later
researchers. Further, while I had restricted myself to material fluids whose velocity
vectors are unit timelike, the case of null propagation vectors was also taken up by
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later workers. Anyway, in spite of all these developments the relativity community
has generously continued to refer to the equation in my name.
To conclude, I may tell you that story of the publication of my paper - this
will perhaps not be very boring. The result was first communicated to the Editor,
Physical Review as a letter and was received by them on April 21, 1953. I stated
the equation without proof and set out some of the consequences. The referee’s
report was dated May 27, 1953 and here is an excerpt from that:
“In spite of considerable efforts on my part, I did not understand this paper. The
author interprets two equations ... and I have no idea whence these two equations
come from. I have looked up the paper by Godel ... and also Godel’s article in
the Einstein volume of the Library of Living Philosophers... and I cannot find
any relation similar to these two. ...Somehow I have the feeling that I may be
terribly obtuse... If the author would be kind enough to enlighten me concerning
the derivation of the equation... I would welcome an opportunity to re-read the
paper and to advise concerning its publishability. At present, I feel unable to
recommend its publication.”
Following this I wrote out a full paper giving the derivation and also made a
conjecture that there exist solutions in which the velocity brings about a bounce
from a collapsing to an expanding phase. Using the values of universal energy
density, Hubble constant and galactic spins which seemed plausible at that time, I
tried to argue that the conditions at the bounce agreed with the conditions required
in the theory of nucleosynthesis by Gamow et al. In view of the astrophysical slant
I sent the paper to the Astrophysical Journal. However, the paper was rejected as
the referee considered the astrophysical considerations of dubious value.
After this I cut off the astrophysical part and sent the truncated paper to the
Physical Review, naming the paper as ‘Relativistic Cosmology I’: the number I
was put in as I hoped that I shall be able to prove the existence of a rotating
non-singular model and also to display some astrophysical consequences in a later
communication. However, these hopes were never realised. Anyway the paper was
received by the Physical Review on December 28, 1953. An acknowledgement duly
came from the Editors but then there was a long period of silence when all my
enquiries could elicit no reply. Then after about fourteen months, in February
1955, came the letter of acceptance. It carried an interesting remark:
“After much prodding we were finally able to recover your manuscript from the
referee. We endeavour to choose as referee those colleagues who accept this task
conscientiously. We regret that in this case, there was an extensive delay”. So at
last the paper appeared in May 15, 1955 issue - a little over two years after the
first note was sent.
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A K Raychaudhuri and his equation*
J EHLERS
Max-Planck-Institute for Gravitational Physics, Albert-Einstein-Insitute,
Am Muhlenberg 1, D-14476 Golm, Germany
E-mail: juergen.ehlers@aei.mpg.de
Abstract. Amal Kumar Raychaudhuri died on June 18, 2005. This essay follows the
lecture which I gave in honour of this great Indian scientist and teacher on December 26,
2005 in Puri, India.
Keywords. Raychaudhuri equation; cosmology; gravitational collapse.
PACS Nos

01.60; 98.80

1. A K Raychaudhuri’s scientific career

AKR, as Raychaudhuri came to be called later by his colleagues and students, was
born on September 14, 1923 in Barisal, in what is now Bangladesh. He studied at
Presidency College, Kolkata, and obtained his B.Sc. and M.Sc. degrees in 1942 and
1944, respectively.
From 1945 to 1949 AKR worked as Research Assistant at the Indian Association
for the Cultivation of Sciences (IACS) in Jadavpur, Kolkata. There, he had to
work in experimental physics, which reflected neither his wishes nor his talent - he
rather wanted to do research in mathematical physics, and he pursued this interest
by studying general relativity on his own.
At that time general relativity was considered a difficult and useless subject,
admitting no interaction between theory and experiment. So not only in India,
but practically everywhere only few theoreticians pursued general relativity, among
them were Pascual Jordan and Otto Heckmann, who from 1949 on were my teachers
at the University of Hamburg.
In 1949, AKR got a temporary position as Lecturer of Physics at Asutosh Col¬
lege, wffiere he wrote his third publication ‘Arbitrary Concentrations of Matter and
the Schwarzschild Singularity’ [1]. In this Physical Review article he constructed an

Invited plenary talk delivered at the International Conference on Einstein’s Legacy in
the New Millennium, December 15-22, 2005, Puri, India.

7

J Ehlers

exact model of a collapsing, spherical dust cloud surrounded by its vacuum grav¬
itational field. Apparently unaware of the 1939 Oppenheimer-Snyder paper ‘On
Continued Gravitational Contraction’, he solved the junction conditions required
at the surface of the ‘star’ and showed that ‘there is no theoretical limit to the
degree of concentration, and the Schwarzschild singularity ... occurs only in some
coordinate systems’. He contrasted his result with Einstein’s model of circularly
orbiting particles which, according to Einstein, establishes beyond reasonable doubt
that the Schwarzschild singularity is physically unattainable, and he remarked that
he had been led to this investigation by his doubts - no small achievement for a
young self-made relativist.
In 1952 AKR returned to I ACS, where he got a permanent position as Research
Officer. There he had to work on solids, which resulted in three publications.
He did not, however, neglect his main interest, turning his attention to structure
formation in the universe and the question whether the Big Bang singularity of
the cosmological models by Friedmann and Lemaitre will be present also in more
general, nonsymmetric models, or can be circumvented. In trying to find an answer
to this fundamental question, AKR found in 1953 what came to be called the
Raychaudhuri equation, which will be discussed here. He submitted his important
result to the Physical Review in December 1953, and it was published in 1955 [2].
Its importance and implications were however then not recognized by his Indian
colleagues.
At this time exact solutions of Einstein’s equations were discussed extensively at
the Hamburg Seminar on General Relativity and Cosmology directed by Pascual
Jordan. These efforts were closely related to the long-standing interest in cosmology
which Otto Heckmann, Director of the Observatory in Bergedorf near Hamburg,
pursued. The young members of the Jordan-Seminar (among them W Kundt, E
Schucking, R K Sachs, M Truemper and I Ozsvath) were eager not just to review
known solutions, but to find new ones, and to understand their intrinsic properties
using newly developed mathematical methods like differential forms and moving
frames. Good fortune had it that Engelbert Schucking happened to read AKR’s
article in the Physical Review and recognized its importance; he coined the name
Raychaudhuri equation [3,4]. The Hamburg group applied and extended AKR’s
work, of which AKR learned through a letter, presumably from the young Indian
student Bramachary, who was a member of the Jordan Seminar around 1956. AKR
was very delighted about this recognition, which helped his standing in India a lot.
It encouraged him to submit his work as a PhD thesis, and again, it was fortunate
for AKR that John A Wheeler was chosen as his external examiner. Wheeler
immediately recognized the significance of the work and saw to it that the PhD
was granted, in 1960, ‘with honours’. Promptly, in 1961, AKR was appointed
professor of physics at Presidency College, where he served until his retirement in
1988.

2. The Raychaudhuri equation

Around 1955, Raychaudhuri was interested mainly in two problems:

8
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1. Is the Big Bang singularity due to the strong symmetry of the FriedmannLemaitre-Robertson-Walker models due to the strong symmetry assumptions
which had been made when setting up these models?
2. Is a cosmological constant needed to solve the time-scale problem? Based on
his discovery of different types of Cepheid variables, the astronomer Walter
Baade had revised the extragalactic distance scale, and thereby ameliorated
the time-scale problem. But was that sufficient?
AKR found his equation while searching for answers to these questions. I will
now give a derivation of the equation.
Consider an arbitrary motion of a continuous medium in a general space-time
(M,gap). Let the world lines of the fluid elements be generated by the 4-velocity
field U. Then the spatial tensors ujap = LU[ap], Sap = 5(a/3), 0 = U®a, hap =
Qafi + UaUp which appear in the decomposition
Ua.P

—

^a(3

+

^a/3

T

Ua[/p

(1)

represent, respectively, the rate of rotation, shear, expansion, the spatial metric
and the acceleration associated with the fluid motion. Insertion of eq. (1) into the
equation

^a;|/3;7| —

2^S^aPl

which defines the Riemann curvature tensor, gives the kinematical identity
0 + i©2 = {/“ + 2(u2 - a2) - Ra0UaU13,

(2)

where the overdot indicates covariant differentiation along the world lines, e.g.
0 = Q.aUa. If eq. (2) is combined with Einstein’s field equation
Raft — K

gap^ T Agap

(3)

and a length scale l is introduced via the definition l/l = |0, the (slightly general¬
ized) Raychaudhuri equation
= U° + 2(uj2 - a2) - KiTa^U13 + \t) + A

(4)

results. It is a covariant form of the (time, time) component, in a frame adapted
to U, of the field equation (3). Equation (4) shows: If the acceleration term is non¬
positive and, together with the shear and matter terms, dominates the rotation and
A-terms, the mean motion is decelerating, otherwise accelerating.
In the original version of 1955, Raychaudhuri assumed pressureless matter of
density p; then eq. (4) simplifies to
3^ = -^-p - a2 + A + 2cj2.
t

(5)

£
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(The same relation holds in Newtonian theory if Poisson’s equation is generalized
to A4> = 47rp — A.) Raychaudhuri drew several conclusions from his eq. (5):
(a) In the static case, eq. (5) reduces to the relation ac/2p = A of Einstein’s ‘cylindri¬
cal’ universe. AKR emphasises that in his approach that relation follows ‘without
any assumption regarding symmetry or conditions obtaining in distant parts of the
universe’, and he states (without proof) that ‘the only static nonspinning universe
is the Einstein universe’. This correct statement shows that spatial closure follows
from staticity and local properties; it need not be assumed. (I remark in passing
that an analogous characterization holds for Godel’s universe: It is the only dust
solution of eq. (3) without shear, having covariantly constant rotation rate [5].)
(b) If cj = 0 on a world line and A = 0, and if /(to) > 0 for some to, then there
exists a density singularity in the past of to, and the ‘age’ is bounded by (///)o- This
is the first singularity theorem without symmetry assumptions. The more general
eq. (5) has been used, e.g., by Hawking-Ellis to argue for a hot Big Bang [6].
(c) If uj — 0 on a world line, then the time between a state (po,{l/l)o) and a priorstate with / < Zo, is maximal if a = 0.
(d) If a singularity happened on a world line, then the ‘age’ measured from the
singularity increases with A and u and decreases with increasing p and shear. ‘Thus
the longer time scales are due to an increased freedom in the choice of A rather
than to anisotropy’.
AKR’s 1955 paper ends with the remark that in a dust model with vanishing
rotation and shear the 3-spaces orthogonal to the fluid world lines have constant
curvature. (In fact, the space-time is then of the Robertson-Walker type [5].)
The paper reviewed here is truly a landmark in cosmology. It showed how results
are in principle observable and local variables can be obtained without imposition
of isometries. It can be considered a forerunner of a programme begun by J Kristian
and R K Sachs and continued by G Ellis and his coworkers. Moreover, it paved the
way to the Penrose-Hawking singularity theorems.
I should like to recall that R K Sachs in 1960 obtained equations similar to eq. (5)
for congruences of light-like geodesics. They first played a part in gravitational ra¬
diation theory in connection with peeling theorems, and later and at present are
employed in gravitational lensing, especially in locating caustics of optical wavefronts.
In his later work, AKR constructed several exact solutions, among them the one
illustrating spherical, but inhomogeneous collapse in an expanding universe and
space-times containing charged matter and electromagnetic fields. His monograph
‘Theoretical Cosmology’ [7], published in 1979 gives a comprehensive survey of
the state-of-the-art at that time. The text distinguishes itself by the care with
which assumptions and conclusions are stated and critically interpreted, and by
the attention given to observations and alternative theoretical explanations thereof.
The preface begins: ‘The book aims to convey to the reader some of the excitement
while not hiding the confusion that remains.’ From 1990 onwards AKR became
interested in singularity-free space-times and attempted to find properties that
might characterize them.
AKR was the president of the Indian Association of General Relativity and Grav¬
itation from 1978 to 1980 and Fellow of the Indian Academy of Sciences since 1982.
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Finally I would like to mention that Raychadhuri was not only a pathbreaking
researcher, but also an outstanding teacher who created in many young minds
enthusiasm for physics, especially general relativity and relativistic cosmology. He
continued the line of great Indian physicists such as Saha, Raman, Bose, Bhabha
and Chandrasekhar.

List of Publications of Professor A K Raychaudhury
A. Papers

1. Volkoff’s massive spheres; Phys. Rev. 84, 166 (1951)
2. Radiation sphere in Einstein universe; Bull. Calcutta Math. Soc. 44,31 (1952)
3. Condensations in expanding cosmological models; Phys. Rev. 86, 90 (1952)
4. Reine Strahlungsfelder mit Zentralsymmetrie in der allgemeinem Relativitatstheorie; Z. Physik. 135, 225 (1953)
5. Arbitrary concentration of matter and the Schwarzchild singularity; Phys.
Rev. 89, 417 (1953)
6. Relativistic cosmology I; Phys. Rev. 98, 1123 (1955)
7. Note on the network approximation in metals; Proc. Phys. Soc.
A68, 439 (1955)

(London)

8. Perturbed cosmological models; Z. Astrophysik 37, 103 (1955)
9. Relativistic and Newtonian cosmology; Z. Astrophysik 43, 161 (1957)
10. Singular state in relativistic cosmology; Phys. Rev. 106, 172 (1957)
11. Electronic energy bands in model three dimensional lattices, Z. Physik 148,
435 (1957)
12. An anisotropic cosmological solution in general relativity; Proc. Phys. Soc.
(London) A72, 263 (1958)
13. The isoelectronic series of semiconducting compounds with zinc-blende struc¬
ture; Proc. Nat. Inst. Sci. (India) 25, 201 (1959)
14. Static electromagnetic fields in general relativity; Ann. Phys. (NY) 11, 501
(1960)
15. A general deduction of two important relations in relativistic cosmology; Z.
Astrophysik 51, 88 (1961)
16. Stationary cylindrically symmetric clusters of particles in general relativity
(with M M Som); Proc. Cambridge Philos. Soc. 58, 338 (1962)
17. Cosmological evolution with creation of matter (with S. Banerji); Z. Astro¬
physik 58, 187 (1964)
18. Gravitational collapse in a cosmological background; Proc. Phys. Soc. (Lon¬
don) 88, 545 (1966)
19. Static distribution of charged dust in general relativity (with U K Deo); Proc.
Roy. Soc. (London) A303, 97 (1968)
20. Stationary electromagnetic fields in general relativity (with B K Dutta); J.
Math. Phys. 9, 1715 (1968)

Pramana - J. Phys., Vol. 69, No. 1, July 2007

11

J Ehlers

21. Cylindrically symmetric charged dust distribution in rigid rotation in general
relativity (with M M Som); Proc. R. Soc. (London) A304, 81 (1968)
22. Charged dust distribution in general relativity (with U K De); J. Phys.
263 (1970)

A3,

23. Tachyons and gravitation; J. Math. Phys. 15, 856 (1974)
24. Null fields in spaces of high symmetry (with A K Datta); J. Math. Phys. 15,
1277 (1974)
25. Spherically symmetric charged dust distribution in general relativity; Ann.
Inst. Henri Poincare 22, 229 (1975)
26. Nature of the singularity in some Brans-Dicke universes; Prog. Theor. Phys.
53, 1360 (1975)
27. Einstein-Cartan cosmologies with a magnetic field; Phys.
(1975)
28. Einstein-Cartan spheres (with S Banerji), Phys. Rev.

Rev.

D12, 952

D16, 281 (1977)

29. Perfect fluid cosmology with geodesic world lines (with S R Maity); Phys.
Rev. D18, 3595 (1978)
30. Charged dust distribution in Brans-Dicke theory (with N Bandyopadhyay);
Phys. Rev. D18, 2756 (1978)
31. Field of a charged particle in Brans-Dicke theory (with N Bandyopadhyay);
Prog. Theor. Phys. 59, 414 (1978)
32. Ferraro’s theorem in non-flat space-time; Mon. Not. R. Astron. Soc. 189,
39 (1979)
33. Conformal flatness and the Schwarzchild interior solution (with S R Maity);
J. Math. Phys. 20, 245 (1979)
34. Homogenoeous space-times of Godel type (with S Guhathakurta); Phys. Rev.
D22, 802 (1980)
35. Viscous fluid interpretation of electromagnetic fields in general relativity (with
S K Saha); J. Math. Phys. 22, 2237 (1981)
36. Rotating charged dust distributions in general relativity; J. Phys.
(1982)

A15, 831

37. Viscous fluid interpretation of electromagnetic fields in general relativity II
(with S K Saha); J. Math. Phys. 23, 2554 (1982)
38. Temperature dependent gravitational constant and black hole physics (with
B Bagchi); Phys. Lett. B124, 168 (1983)
39. Dual interpretation of electromagnetic fields in general relativity (with S K
Saha); Gen. Relativ. Gravit. 15, 611 (1983)
40. Is the universe near the state of maximal expansion? (with G Mukherjee);
Mon. Not. R. Astron. Soc. 209, 353 (1984)
41. Physical approach to cosmological homogeneity (with B Modak); Phys. Rev.
D31, 1807 (1985)
42. Domain walls of finite thickness in general relativity (with G Mukherjee);
Phys. Rev. Lett. 59, 1504 (1987)
43. Inflation with arbitrary initial conditions; Class.
(1988)

12

Quantum.

Pramana - J. Phys., Vol. 69, No. 1, July 2007

Gravit.

5, 225

A K Raychaudhuri and his equation
44. Cosmic strings in general relativity; Phys. Rev. D41, 3041 (1990)
45. Theorem for non-rotating singularity free universes; Phys. Rev. Lett. 80, 645
(1998)
46. N K Dadhich and A K Raychaudhuri, Mod. Phys. Lett. 14, 2135 (1999)
47. A new theorem in relativistic cosmology; Mod. Phys. Lett. 15, 391 (2000)
48. Singularity free cosmological solutions with non-rotating perfect fluids; Gen.
Relativ. Gravit. 36, 343 (2004)

B. Books

1. Theoretical Cosmology (Clarendon Press, Oxford; Oxford University Press,
1979)
2. Classical Mechanics - A Course of Lectures (Oxford University Press, India,
1983)
3. Classical Theory of Electromagnetic Fields (Oxford University Press, India,
1990)
4. General Relativity, Astrophysics and Cosmology (with S Banerji and A Banerjee) (Springer-Verlag, 1992)
5. Uchchataro Gatibidya (Higher Mechanics - in Bengali) (Paschim Banga Rajya
Pustak Parishad, Kolkata)
6. Some outstanding problems in cosmology; in Gravitation and Relativistic As¬
trophysics: edited by Prasanna et al (World Scientific, 1984)

Acknowledgements
I am grateful to Naresh Dadhich for inviting me to make this contribution to the
Puri conference, and also for providing me with a copy of his article ‘A Lighthouse
Falls’, a memorial on Raychaudhuri, prior to publication. The article ‘Solitary
Pursuit’ in The Telegraph by Parthasarathi Majumdar was helpful, too. My thanks
go to Anita Ehlers and the excellent www-connections offered by IUCAA, through
which I - though a computer illiterate - could establish fast contact with my former
fellow students, notably Engelbert Schueking.

References
[1] A K Raychaudhuri, Arbitrary concentration of matter and the Schwarzschild singular¬
ity, Phys. Rev. 89, 417 (1953)
[2] A K Raychaudhuri, Relativistic cosmology, Phys. Rev. 98, 1123 (1955)
[3] There they say on p. 448: ‘An important theorem for arbitrary models with incoherent
matter has been discovered by A K Raychaudhuri in 1955. It rests on the Raychaudhuri
equation for the scalar of expansion’

Pramana - J. Phys., Vol. 69, No. 1, July 2007

13

J Ehlers

[4] O Heckmann and E Schucking, in Gravitation:

An introduction to current research

(New York, 1962)
[5] J Ehlers, Contributions to the relativistic mechanics of continuous media, Gen. Relativ.
Gravit. 25, 1225 (1993), Translation of the 1961 German original
[6] S W Hawking and G F R Ellis, The large scale structure of spacetime (Cambridge,
1973)
[7] A K Raychaudhuri, Theoretical cosmology (Oxford University Press, 1979)

14

Pramana - J. Phys., Vol. 69, No. 1, July 2007

Pramana

(c) Indian Academy of Sciences

— journal of
physics

Vol. 69, No. 1
July 2007
pp. 15-22

On the Raychaudhuri equation
GEORGE F R ELLIS
Mathematics Department, University of Cape Town, Rondebosch, Cape Town,
South Africa
E-mail: Ellis@MATHS.uct.ac.za

Abstract.

The Raychaudhuri equation is central to the understanding of gravitational
attraction in astrophysics and cosmology, and in particular underlies the famous singular¬
ity theorems of general relativity theory. This paper reviews the derivation of the equation,
and its significance in cosmology.
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1. Introduction

Amalkumar Raychaudhuri’s remarkable paper [lj for the first time gave a general
derivation of the fundamental equation of gravitational attraction for pressurefree matter, showing the repulsive nature of a positive cosmological constant, and
underlying the basic singularity theorem (see below). He used special coordinates
in the process, but wrote the result in a transparent covariant way. What was
remarkable was how he derived this equation on his own, after reading writings
of K Godel on the ideas of shear and vorticity in cosmology (he defines the shear
(eq. (8) in [1]) without fully explaining its meaning, apparently being unaware
of Heckmann’s writing on the topic, e.g. [2]). When combined with the other
fundamental equation of gravity, the energy density conservation equation, it can
be integrated to give the Friedmann equation (when the shear and vorticity vanish)
and various generalisations of that equation (when the shear and vorticity have
simple behaviour, e.g. in the case of Bianchi I models).
This equation was extended to arbitrary matter in an important paper by Ehlers
[3], which included acceleration of the matter world lines and arbitrary stress ten¬
sors. This established the key result that the active gravitational mass density of a
continuous medium is /igrav = M + 3p/c2. Particular versions of this equation had
been obtained earlier, at centers of symmetry by Tolman and Synge (see Raychaud¬
huri’s footnote 12 of ref. [1]) and in the case of static space-time by Whittaker [4].
It was obtained for cosmology by Eddington [5] who used it to prove the instability
of the Einstein static universe - a key result. It also underlies the estimates of ages
in cosmological models obeying the energy conditions.
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Its generalisation to the case of null geodesics (the null Raychaudhuri equation)
plays a key role in geometrical optics in a curved space-time, as explored by Sachs,
Ehlers, Penrose and others (see the summary in [6]). The combination of the
time-like and null versions of the equation then played a key role in many singu¬
larity theorems - simple ones applicable in the case of Friedmann universes and
inhomogeneous or anisotropic pressure-free irrotational models [3] and finally the
famous Hawking-Penrose theorems showing the existence of singularities under
rather generic conditions [6,7]. When completed with the full set of 1+3 covariant
equations, it plays a central role in the investigations of the growth of inhomo¬
geneities in perturbed cosmological models. These further developments will not
be considered here. Rather, I focus on the direct application to time-like curves in
cosmological and astrophysical contexts.

2. The equation

In fluid flows and cosmology, there is a preferred 4-velocity vector field ua : uaua —
— 1 that represents the average motion of matter [3,8]. Let r be the proper time
along these world lines: ua — da+/dr. The time derivative of any tensor Tabj along
the fluid flow lines is
rbab•••
■•■cd

_

rpabe
■••cd,e ^ '

A particular application of time differentiation is the derivative of the 4-velocity
itself in its own direction. This determines the acceleration vector
ua = ua.^uh

uaua - 0,

which vanishes if and only if the flow lines are geodesics. It is convenient to define
the representative length t(xl) such that comoving volumes scale like i3. The
expansion © = u?a gives the rate of change of volume d3V:
Q = 3£/£ = (d3R)7(d3P).

(2)

The shear and vorticity magnitudes are oj2 and a2. Spatial gradients orthogonal
to the preferred world lines are determined by the derivative operator Va/ :=

(0a + “<>+/,6The Einstein field equations (EFE) are
Rij — - Rgij + A.gij —

(3)

where A is the cosmological constant and k is the gravitational constant. The
Raychaudhuri equation, giving the evolution of 0 along the fluid flow lines [1,3,8],
is obtained by contracting the equivalent form

+

^9ij j

with (uaub) and using the Ricci identity for ua. Thus one has
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0+

02 + 2 (cr2 — to2) — ua.a + -n(p + 3 p/c2) — A = 0.

-

o

z

(5)

This is the generic form of the Raychaudhuri equation (eq. (11) in [1] is for the
case p = 0). It is the fundamental equation of gravitational attraction. To see its
implications, we rewrite it in the form

l

i

3- = —2(cr2 — u2) + iia.a — -«(// T 3p/c") + A

(6)

which follows from the definition of the scale factor £. This equation for the curva¬
ture £ of the curve £(r) directly shows that shear, energy density and pressure tend
to make matter collapse, as they tend to make the £(r) curve bend down; while
vorticity and a positive cosmological constant tend to make matter expand, as they
tend to make the £(r) curve bend up. The acceleration term is of indefinite sign.
The equation shows that pgvSiV — p + Sp/c2 is the active gravitational mass density
of a fluid. Hence any increase in the internal energy or the pressure increases its
active gravitational mass density. The corresponding equation in Newtonian theory
is the same except that (p -f 3p/c2) —»• p (the active gravitational mass density is
just the mass density) [8].

3. Applications

3.1 Static star models
In the case of a static star, 0 — uj — a = 0 and we can neglect the cosmological
constant on this scale. So the equation reduces to ua.a — \k(p -f 3p/c2), where the
acceleration is determined from the pressure gradient by the momentum conserva¬
tion equation. In the case of a perfect fluid,
(p + p/c2)ua + Vap = 0.
So we obtain from (5)
((V»/0+p/c2));a = -1K{fl + 3p/c2),
which is the basic balance equation between gravitational attraction and hy¬
drostatic pressure for a static star. In the corresponding Newtonian equations,
p + 3p/c2 —»■ p and p + p/c2 —> p. It is these differences which cause gravitational
collapse to be so much less severe in Newtonian theory than in general relativity.

3.2 Static FLRW universe models
In the case of a static Friedman-Lemaitre-Robertsom-Walker (FLRW) universe,
0 = u = a = 0 = ua. So eq. (5) becomes
i/c(p + 3p/c2) = A.
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Thus static universes with ordinary matter are only possible if A > 0 [9] (cf. dis¬
cussion after eq. (14) in [1]). Then, given the equation of state p = p(p) and
the cosmological constant, there is a unique radius £s for the static solution, at
which the gravitational attraction caused by matter and the repulsion caused by
the cosmological constant balance.
However, this universe is unstable [5] because if we change £ to a larger value,
£ > £s, p decreases but A stays constant. So £ > 0 and the universe expands to
infinity. Similarly, £ < £s => £ < 0 and the universe collapses. This instability [10]
leads us to believe that the universe should either be expanding or contracting, but
not static. Indeed, the failure to perceive this in the 1920s can be regarded as one
of the major lost opportunities in the history of cosmology (all the major figures in
cosmology at that time believed that universe was static).
In the Newtonian case, the corresponding static model satisfies up/2 = A. The
same qualitative results hold then as in general relativity theory (i.e. A > 0 and
the model is unstable).

3.3 Friedmann-Lemaitre models
In the FLRW case, the Raychaudhuri equation (6) becomes (cf. eq. (12) in [1]), for
the case p = 0
S£/£ — — ^Av(/i + Sp/c2) + A.

(8)

Now the energy conservation equation for a perfect fluid is

A+O + p/c2)0 = 0

(9)

and this implies that (7'2/j.)‘ = -M(p+3p/c2). Thus, provided t / 0, we can multiply
(8) by ££ and integrate to find
3(f)2 - np£2 — M2 = const.

(10)

This is just the Friedmann equation which governs the time evolution of FLRW
universe models.

4. The basic singularity theorem

The fundamental singularity theorem follows immediately from the Raychaudhuri
equation [1,3,8].
Theorem. Irrotational geodesic singularities.

If A < 0, p + 3p/c2 > 0 and /i +
P/c2 > 0 in a fluid flow for which ii = 0, cj = 0 and H0 > 0 at some time s0, then
a space-time singularity, where either £(r) -» 0 or a -> oo, occurs at a finite proper
time To < l/Ho before so.
Proof. Consider the curve of I against proper time r. If £ = 0, then £ —» 0 a time
1 /Hq ago. However, with the given conditions, £ < 0. So, following the curve £(r)
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back in the past, it must drop below this straight line and reach arbitrarily small
positive values of £ at a time less than 1/Hq ago (unless some other space-time
singularity intervenes before £ —» 0, which can happen only if the shear diverges
first).
In the exceptional case where the shear diverges first, a conformal space-time
singularity will occur where £ ^ 0. In the general case where £ —> 0, the matter world
lines converge together a finite time ago in the past and a space-time singularity will
develop if /i-fp/c2 > 0, for then as the universe contracts, the density and pressure
increase indefinitely, implying the space-time curvature does so also. For ordinary
matter this will additionally imply that T —> oo, that is, the universe originates
at a hot Big Bang. Furthermore, an age problem also becomes possible; for if we
observe structures in the universe, such as stars, globular clusters, or galaxies, that
are older than 1/Ho, there is a contradiction with the assumptions of the theorem
(for the universe must be older than its contents!). Furthermore, the presence of
shear will shorten the lifetime of the universe (for a given value of the Hubble
constant today) (cf. discussion after eq. (16) in [1]).
Similarly the argument implies that the universe must experience a very quick
evolution through its hot early phase. For example at the time of decoupling the
scale function id is small: £d/£o ~ 1/1000, which implies the Hubble parameter
Hd at that time is Hd > lOOOFTo (the straight line estimate £ — 0 ==> H oc \/£ =>
Hd ~ 1000#o; however the high densities will cause a considerable steepening of
the £(r) curve by those times, leading to the inequality). Similarly at the time of
nucleosynthesis £/£q « 10—8, showing that H > 108FTo.
Application:
This result applies in particular to an expanding Friedmann-Lemaitre universe,
where £ -» 0 and a hot Big Bang must occur (the shear is zero in this case, so a
conformal singularity cannot occur). The proof makes it clear that an increase in
pressure does not resist the occurrence of the singularity, but rather decreases the
age of the universe and so makes the age problem worse (the pressure increases the
active gravitational mass and there are no pressure gradients to resist the collapse).
This is the basic singularity theorem, on which further elaborations are built.
How can one avoid the singularity? It is clear that shear anisotropy makes the
situation worse. On the face of it, there are five possible routes to avoid the conclu¬
sion: a positive cosmological constant; acceleration; vorticity; an energy condition
violation or alternative gravitational equations. We consider them in turn.
(a) Cosmological constant A > 0. In principle, this could dominate the matter
and turn the universe around. However in practice this cannot happen because
we have seen galaxies and quasars up to a red-shift of about 5, implying that the
universe has expanded by at least a ratio of 5 to 6 to the present time. This
means that if it bounced, then at the time of the turnaround, the density would
have been greater than the present density by a factor of at least 53 = 125. So
the cosmological constant would have to be equivalent to a larger energy density,
in order to dominate the Raychaudhuri equation then. We would certainly have
detected so large a cosmological constant today, and have not done so, as can be
deduced from present estimates of its magnitude. Further, if we accept that the
microwave background radiation indicates that the universe has expanded by at
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least a factor of 1000, the argument is overwhelming; the cosmological constant
would have to be equivalent to more than 109 times the present matter density to
dominate the Raychaudhuri equation then! There is no way we could have avoided
detecting this.
(b) Pressure inhomogeneity (acceleration) and
(c) Rotational anisotropy (the effect of ‘centrifugal force’). Both of these involve
abandoning the FLRW geometry. On the face of it, they could succeed. How¬
ever, the powerful Hawking-Penrose singularity theorems [6,7] strongly restrict the
allowable cases where they might in fact succeed, because of the microwave back¬
ground radiation observations which show, for universes which are approximately
Robertson-Walker, that the conditions of those more general theorems hold [6].
(d) Violation of the energy condition. The above result depended on the energy
condition

/i + 3p/c2 > 0
which is obeyed by all normal matter. However, the false vacuum equation /a +
p/c2 = 0 violates this, and can in principle cause a turnaround of the universe,
avoiding an initial singularity. Nevertheless, we do not expect this equation to
become relevant until temperatures of at least 1012 K. Thus even if violating the
energy condition could enable us to avoid the initial singularity, the turnaround
would only take place under extraordinarily extreme conditions when quantum
effects are dominant. Hence we can rephrase the conclusion: a viable non-singular
universe model cannot obey the laws of classical physics at all times in the past.
(e) Other gravitational field equations. Finally, we have of course assumed Einstein’s
field equations here. Alternative theories of gravity will certainly allow singularity
violation, effectively by introducing negative energy terms into the Raychaudhuri
equation. In particular, at very early times quantum gravitational effects will be¬
come important, almost certainly causing effective energy condition violations.
Thus the prediction of a singularity is a classical prediction. Physically, we may
take it as the prediction that, as we follow the evolution back into the past, the
universe cannot avoid entering the quantum-gravity domain. We do not yet have
any reliable idea of what this implies.
In Newtonian theory, the discussion is as above except for one important point:
then rotation can enable the universe to avoid the initial singularity (unlike in gen¬
eral relativity). This is shown by the existence of spatially homogeneous rotating
and expanding but shear-free Newtonian universe models, in which the rotation
spins up to enable the universe to avoid the initial singularity, whereas such uni¬
verses cannot exist in relativity theory [11].

5. Evaluation today

We obtain very useful information by evaluating the Raychaudhuri equation at
the present time. To do this, we define some useful parameters as follows. The
deceleration parameter is
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Qo = ~

which is a dimensionless version of the second derivative £, with the sign chosen
so that a positive value corresponds to deceleration. The total energy density is
represented by the dimensionless density parameter
Do —

Kpio

(12)

Similarly pressure and the cosmological constant are represented by
o

_

*To

p~ 3H§c*’

Da =

Aq
3 Hi

It then follows directly from the Raychaudhuri equation that
4 / al

2 uan

2^ = 3 U-4)“4+no+3np~nA-

(13)

If the rotation, shear, acceleration and pressure terms are small today compared
with the others, as is highly plausible, then
2qo ~ Qq + Da,

(14)

where the error is of the order of the magnitude of the terms neglected in passing
from the previous equation. This becomes an exact equation in an FLRW universe
with vanishing pressure. If A = 0, then this reduces to
2q0 ^ D0,

(15)

which again is exact in an FLRW universe with vanishing pressure, but this is no
longer believed to be true. The Newtonian discussion is the same, except that there
is no pressure contribution to (13).
Equation (14) is a direct relation between the deceleration and density parame¬
ters which is pivotal in observational cosmology. Dynamical estimates and lensing
observations suggest Ddarkmatter — 0-3 with Dbaryons — 0.04. Supernovae observa¬
tions of go, with this equation, then indicate that Da — 0.7. This is the famed dark
energy; the fact that its physical nature is unknown is a core problem for present
day cosmology.

6. Conclusion

The Raychaudhuri equation is central to cosmology, as is made clear by all the
applications discussed above. I have not discussed here its higher dimensional ver¬
sions, which are of course just as important in higher dimensional gravity theories.
Raychaudhuri’s paper [1] contains other interesting results not discussed here (see
§4), and was entitled “Relativistic cosmology, I”. It has always been a matter of
regret to me that Paper II was never written.
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1. Singularity and AKR

It would not be far from the truth to say that A K Raychaudhuri (AKR) had
a fascinatingly engaging love affair with the notion of a spacetime singularity at
the two ends of his research career. One of his early concerns was to construct a
model of a collapsing homogeneous dust ball (he was unaware of OppenheimerSnyder collapse) and show that nothing prevented the ball from collapsing down
to the centre r = 0 and thereby demystify the so-called Schwarzschild singularity
at r = 2M [1]. Then he addressed the most pertinent question of his time: Is the
cosmic singularity predicted by the FRW model an artifact of the homogeneity and
isotropy of space or not? As he explained in his reminiscences [2], inspired by the
famous Godel solution, he was looking for a rotating non-singular solution without
closed time-like lines. In the process, he discovered his celebrated equation [3]
which made the singularity analysis free of these restrictions. That ultimately led
to the powerful Hawking-Penrose singularity theorems [4] which established in a
very general setting the inevitability of the occurrence of singularities in Einstein
gravity under reasonable energy and causality conditions.
The other end phase began in the mid-1990s. The singularity theorems reigned
supreme, particularly since the observation of CMBR [5] had pointed to a singular
birth of the Universe in a Big Bang. Nothing could be happier and more persuasive
than the observation verifying the prediction of theory. This gave rise to a general
belief that singularities were inevitable in general relativity (GR) so long as the
dynamics were governed by Einstein’s equations and more over positive energy and
causality conditions were respected. However, this belief was shaken by Senovilla’s
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discovery in 1990 of a singularity-free cosmological solution [6] which did not violate
the energy and causality conditions. How could such a thing happen.'' It brought
forth the main suspect in the proofs of the singularity theorems. Apart from the selfevident assumptions, the theorems also required the existence of a closed trapped
surface. This last requirement is certainly not so obvious and self-evident as the
other assumptions. That gravity should become so strong in some bound region
of space that even light could not escape from it is a very limiting assumption.
Indeed, where gravity should become how strong ought to be determined by the
field equations rather than by prescription. The said assumption may, however, be
reasonable and justifiable for the case of the gravitational collapse of an isolated
body. We know from the study of stellar structure that a sufficiently massive body
could, after the exhaustion of its nuclear fuel, ultimately undergo indefinite collapse
and thereby reach the trapped surface limit. In the case of Big Bang cosmology
what is required is not a trapped surface but instead sufficient amount of matter
distribution for the focusing of non-space-like trajectories at a finite proper time in
the past. It is a different matter that the amount required to thermalise the cosmic
background radiation is indeed sufficient for the convergence of trajectories in the
past [4]. Though this limitation in terms of either a trapped surface or a sufficient
amount of energy density was known to experts in the field, it was not talked about
much, perhaps in the belief that a singularity-free solution would never be found.
In the early 1990s, L K Patel, Ramesh Tikekar and myself obtained some
singularity-free cosmological solutions [7], in particular one with a stiff fluid equa¬
tion of state p — p. During this period, I had several discussions with AKR. We
both shared the view that the assumption of the existence of a closed trapped sur¬
face almost amounted to putting in a singularity. Nothing could come out of a
closed trapped surface nor could the collapse be halted or reversed inside it with¬
out violating energy and causality conditions. Thus a singularity would become
inevitable. He was also not happy with the genericity condition. In his view it
was too complicated and physically not very illuminating. In the ICGC meeting
at IUCAA in December 1995, Jose Senovilla and I had discussions with him and
he then came out with an insightful comment. He opined that the vanishing of the
space average of physical and kinematic parameters was required for singularity-free
solutions. We were both struck by this comment which showed a new direction.
(See Senovilla’s account in this volume [8].)
AKR had started thinking about singularity-free cosmological solutions, but was
not yet quite taken up by them. In November 1996, there was an IUCAA spon¬
sored workshop on Inhomogeneous Cosmological Models in North Bengal Univer¬
sity, Siliguri. I spoke there on singularity-free cosmological solutions. During the
talk, AKR asked several probing questions and we had a very lively and engaging
discussion. It was indicative of his thought process in trying to understand and
resolve intricate and involved conceptual and physical issues. It took him a couple
of years before he could start working on the question of the avoidance of the cosmic
singularity. This showed his work ethic - deep and long period of contemplation
and thought before taking up a problem. This venture took him once again to
the question of singularity theorems. He argued that the existence of singularityfree cosmological solutions should be recognized and proposed the vanishing of the
spacetime averages of all the scalars appearing in the Raychaudhuri equation as a
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necessary condition for their existence [9-11]. He later proved a new singularity
theorem in which he replaced the occurrence of a closed trapped surface by the
non-vanishing of the space averages of all scalars occurring in the Raychaudhuri
equation [11]. The vanishing of such space averages was shown to be the key to
singularity-free cosmological models.
The last paper that AKR wrote was in 2004. In this he attempted to deduce
the Ruiz-Senovilla family [12] of non-singular solutions for a non-rotating perfect
fluid from very general considerations. His procedure was novel, though not math¬
ematically rigorous [13]. A very large family of singularity-free cosmological models
including some counter-examples to his paper [13] had also been found [14]. It is
however known that for an imperfect fluid it is easy to construct non-singular and
even oscillating models [15,16]. The real challenge is, in fact, in obtaining rotat¬
ing perfect fluid solutions. Apart from increasing the mathematical complexity,
rotation brings in the question of the occurrence of closed time-like lines and conse¬
quently causality violation. We have the well-known rotating Godel Universe which
has closed time-like lines. Recall that it was precisely the Godel solution which had
set him on the singularity trail. Right from the beginning in the early 1950s, his
main aim was to find a rotating fluid solution, hopefully free of any singularity
as well as of any closed time-like line. Instead, he discovered his equation. The
question remained open and unsolved, however. In fact, AKR returned once again
to it at the end. It is undoubtedly one of the most challenging open problems in
classical gravity today. Ironically, he began and also breathed his last with it on 18
June 2005.
AKR had the profound insight to have identified the key feature of non-singular
solutions, namely the vanishing of space averages of physical parameters. It was
the interaction between him and Jose Senovilla which led to the formulation of this
conjecture, though each of them had a different perspective on it. AKR’s attempt to
prove it [11] was not entirely satisfactory and Senovilla has now proved it ultimately
[8]. This result should rightly be called the Raychaudhuri-Senovilla theorem. It
was perhaps the limitation of mathematical and analytical tools that AKR had
at his command which came in the way of his proving the theorem rigorously.
Yet, had it not been for his insight, the theorem might not have been formulated.
Therefore, it is to AKR’s credit that he showd the right path in understanding
singularity-free cosmological solutions. If he had the benefit of the right kind of
mathematical backup in the mid-1950s, he could conceivably have arrived at the
famous singularity theorems. Once again, I believe that the limiting factor was
mathematical technology. With utmost reverence and affection, I would like to
acknowledge this fact in the true spirit of AKR which embodied academic and
intellectual honesty and objectivity.
After recording the story of my understanding and perception of the AKRsingularity saga, let me change gears in the next section to argue that his equation
in a new avatar is once again badly needed.
2. Equation once again

A singularity marks the limiting point of a physical theory. It is enigmatic and
calls for a new theory. In Einstein’s GR, gravity is nothing but the curvature
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of spacetime. A gravitational singularity thus means the breakdown of spacetime
structure itself and hence the end of everything.
The forces of Newtonian gravity as well as Maxwell’s electric field diverge and are
singular at the central location of the mass/charge point. This singularity does not
disturb the spacetime background. Rather, it indicates the limit of validity of the
theory. For the electric field, we go over to quantum electrodynamics to overcome
the classical singularity. For gravity, apart from addressing the singularity, we also
need a new theory for the more basic requirement of making it fully universal.
So we have Einstein’s theory of gravitation, namely GR. But in this new theory,
the Newtonian singularity not only persists but also attains a more profound allencompassing proportion. One therefore needs a quantum theory of gravity which
has to address the question of singularity in the spacetime structure itself.
GR made two profound predictions, one of the Black Hole and the other of the Big
Bang. Both harboured singularities. In the former case it is hidden behind an event
horizon and hence is inaccessible to an external observer. Though the Schwarzschild
solution was obtained in 1916 immediately after GR was propounded, its full import
as the representation of a static Black Hole was not realized as late as the late 1960s.
A star, collapsing under its own gravity, will go on collapsing indefinitely upon the
exhaustion of all its nuclear fuel and eventually hit the central singularity r = 0.
The latter would be encompassed by a Black Hole event horizon from which nothing
could come out. Penrose in 1969 pronounced that any singularity occurring in a
gravitational collapse will always be covered by a Black Hole and this is known
as the Cosmic Censorship Conjecture. Oppenheimer and Snyder considered the
collapse of a homogeneous dust cloud. Their conclusion is that it collapses down
to a singularity covered by a Black Hole.
In 1924, Friedmann obtained a non-static solution to Einstein’s equations rep¬
resenting an expanding model of the Universe. In 1929, Hubble’s observation of
receding galaxies lent observational strength to this model. It was indeed a won¬
derful marriage of theory and observation. The matter distribution in the Universe
was assumed to be homogeneous and isotropic. It predicted that the Universe,
which was now expanding, would have had a singular beginning in a hot Big Bang
when all matter was concentrated within a very small point-like region.
An important question then arose. Was this singularity an artifact of the symme¬
tries of matter distribution, to wit homogeneity and isotropy, or a generic feature
of Einstein’s gravity? That is when AKR came on stage and formulated the sin¬
gularity issue in all its generality and obtained his celebrated equation in 1953 [3].
The equation brought to the fore the new feature that shear as well as pressure
contribute positively to gravity, while rotation goes the other way, as expected.
Inspired by the Raychaudhuri equation, Penrose, Hawking and Geroch then proved
in the mid-1960s their powerful singularity theorems [4] under very general condi¬
tions to establish that singularities are inevitable in GR so long as some reasonable
energy and causality conditions are satisfied.
Within the classical framework, just as in Maxwell electrodynamics, there is no
way to avoid a singularity in Einstein’s gravity. That is why one of the main goals
of any quantum gravity theory is to address the singularity question. We do not
yet have a full-fledged theory of quantum gravity. There are two main attempts.
One is string theory which is based on particle physics. The other is the canonical
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quantization scheme of loop quantum gravity which is based on GR. We shall follow
developments in the latter since it directly addresses the singularity issue.
The loop quantum gravity (LQG) idea rests on an important breakthrough
achieved by Abhay Ashtekar in 1986. He discovered new variables in which Ein¬
stein’s equations take a polynomial form [17]. Since then he has spearheaded this
approach. This effort is, however, pursued by a comparatively small but highly
committed and talented team of researchers [18]. Even in the absence of a full
theory, it is instructive and insightful to apply this developing theory to idealized
special cases and probe for possible signatures of quantum gravity effects in astrophysical and cosmological observations. Such applications, howsoever tentative,
serve as good testbeds for the evolving theory with regard to its right orientation
and direction. With that in view, Martin Bojowald and others have, for the past
few years, been examining cosmological applications of loop quantum gravity. Such
efforts have led to the subject of loop quantum cosmology (LQC) where one con¬
siders the symmetry-reduced mini-superspace and then carries out loop quantum
calculations for specific problems of Big-Bang cosmology, cosmic microwave back¬
ground radiation and gravitational collapse [19-24]. The most pertinent question is
whether one could have some observational imprint or signature of quantum gravity
effects.
Recently, there have been a couple of LQC-based calculations to look for quantum
effects in astrophysical and cosmological scenarios. The first observable effect of
LQC was studied on CMBR in 2003 by Shinji Tsujikawa et al [24]. It turns out that
quantum gravity effects could avoid the Big Bang singularity and there could be a
causal passage through it. Its imprint could therefore be seen on the CMBR spectra.
In a recent paper, Abhay Ashtekar et al further illuminate on the quantum nature of
the Big Bang [20]. In this context, it is worth recalling one of the first attempts made
by T Padmanabhan and J V Narlikar in the 1980s towards avoiding the Big Bang
singularity by quantizing conformal degree of freedom [25]. The pertinent question
is how to justify in the extreme high energy regime highly restricted degrees of
freedom or the reduced mini-superspace of LQC? Both considerations suffer from
this lack of justification. It should however be noted that, though there is no
rigorous derivation of LQC from LQG, the former does have a good theoretical
backup with proper caveats. There has also been a consideration of the collapse of
a homogeneous scalar field by R Goswami et al where LQC effects make the central
singularity evaporate away as radiation [23]. An observational signature of such
a quantum evaporation of a naked singularity may be a pulse of intense radiation
such as a gamma ray burst (GRB).
We now come back to the old question: Is such an avoidance of the Big Bang or of
a collapse singularity an artifact of the symmetry-reduced mini-superspace or is it
generic to LQC? Near the singularity, curvatures are divergingly high. So it would
not be possible to truthfully sustain the assumption of a reduced mini-superspace.
Once again, we need another AKR today to find a new avatar of his equation. In
other words, a new Raychaudhuri equation is urgently required in loOp quantum
gravity. It may, like the old one, show the way to new general quantum singularity
(avoidance) theorems.
It is true that LQC deals with highly restrictive and idealized cases. One should,
however, note that such idealized models have the uncanny knack of picking up the
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physical essence and innate characteristic of real life phenomena. There are several
such examples in gravitational theories. The most famous one is, of course, that of
the FRW model predicting a Big Bang singularity and similarly the OppenheimerSnyder collapse of a homogeneous dust ball. Despite being a highly idealized
case, the model does carry quite truthfully the signature of a general collapse phe¬
nomenon. Similar is the case of the Schwarzschild interior solution with a uniform
density assumed for the interior of a star. Such an assumption is physically unac¬
ceptable since a uniform density would give rise to an infinite sound speed. Never¬
theless, the model picks up all the essential features of the stellar interior correctly.
It is remarkable that, even when such considerations are highly restricted, idealized
and not even entirely physically acceptable, they often correctly indicate general
as well as generic features. Such may as well be the case for the highly idealized
LQC toy models indicating the quantum avoidance of the Big Bang and collapse
singularities. As already emphasized, what is needed is a Raychaudhuri equation
for quantum gravity. It may bring forth some new features like the development of
a negative pressure as the singularity is approached. Until then we have to make
do with tentative results which may only be indicative of what the full quantum
gravity will ultimately establish.
Finally, all this should be most satisfying and pleasing to one man, Abhay
Ashtekar. He made the path-breaking discovery two decades ago of his famous
new variables which set things on track, leading to loop quantum gravity. This
idea has now matured sufficiently to make contact with observations. It has indeed
been a long and ardous journey. But, at the end of the day, nothing could please
one more than to see the clicking of what one had set out to do. Admittedly, we
are far from a complete theory of quantum gravity and LQG has a long way to
go yet. What is important is that it seems to be on the right track [26]. Recent
works of Smolin [27], Bianchi et al [28] and Livine and Speziale [29] on graviton
propagators in LQG and Bilson-Thompson et al [30] on the origin of the standard
model of particle physics from the quantum nature of geometry are indeed very
exciting.
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A singularity theorem based on spatial averages*
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Abstract. Inspired by Raychaudhuri’s work, and using the equation named after him
as a basic ingredient, a new singularity theorem is proved. Open non-rotating Universes,
expanding everywhere with a non-vanishing spatial average of the matter variables, show
severe geodesic incompletness in the past. Another way of stating the result is that, under
the same conditions, any singularity-free model must have a vanishing spatial average of
the energy density (and other physical variables). This is very satisfactory and provides a
clear decisive difference between singular and non-singular cosmologies.
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1. Introduction

In this paper I would like to present a result which confirms - at least partially a 10-year-old conjecture: reasonable non-rotating cosmological models can be non¬
singular only if they are open and have vanishing spatial averages of the matter
and other physical variables. This conjecture arose as a result of the interactions
and discussions between Prof. A K Raychaudhuri (AKR from now on) and my¬
self concerning the question of feasibility of singularity-free cosmological solutions

*The first instance of a non-singular cosmological solution, compatible with the energy
and causality conditions and the Raychaudhuri equation, was given by Senovilla.

This

generated an intense interest in AKR on the nature and behaviour of such solutions. His
initial proposal of the vanishing of the space-time average of the energy density (and other
physical and kinematical quantities) as a condition for their existence got refined through
many discussions with Dadhich and Senovilla.

It evolved finally to the realization that

the vanishing of the spatial average of the energy density is what distinguishes all these
non-singular solutions, as stated in this theorem proved by Senovilla. In our opinion, this
theorem, to which both Raychaudhuri and Senovilla have contributed, provides a succinct
and complete characterization of the nature of all non-singular cosmological models Editors.
^In memory of Amal Kumar Raychaudhuri (1924-2005).
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(see [1,2]). This is a subject to which, as is well-known, AKR made fundamental
pioneering contributions [3,4], and I influenced in a much more modest and lateral
manner [5-7].
The next section contains a more or less detailed historical review of the an¬
tecedents, birth, and hazardous life of the conjecture. However, any reader, not
interested in this historical appraisal, who only wishes to see and learn about the
results and the new theorem - which are interesting on their own - may go directly
to §§3 and 4. The former contains a brief derivation of the celebrated Raychaudhuri equation and some discussion on the definition of spatial averages; the latter
presents the new theorem and its implications. A brief discussion and an Appendix
have been placed at the end of the paper.

2. History of a conjecture

This is divided into three parts: the appearance of the first non-singular solution
and subsequent developments are summarized in §2.1; the importance of the fresh
new ideas brought in by AKR, and the formulation of the conjecture, are analyzed
in §2.2; finally, the reaction by AKR about the conjecture, the sometimes chaotic
discussions in publications-comments-replies, and some recent developments on the
subject are reviewed in §2.3.

2.1 Anadi Vishva
In 1990, I published [5] which is considered to be the first ‘interesting’ singularityfree cosmological model. It is a spatially inhomogeneous solution of Einstein’s field
equations for a perfect fluid with a realistic equation of state p = q/3. This solution
came as a big surprise: it was widely believed that a model such as the one in [5]
should be singular due to the powerful singularity theorems developed by Penrose,
Hawking and others [8-10]. Therefore, the solution caused some impact (see e.g.
[11]), and some discussions within the relativity community [12,13].
Shortly afterwards, the geodesic completeness of this solution was explicitly
proven in [14], along with a list of its main properties. The solution turns out
to be cylindrically symmetric, globally hyperbolic and everywhere expanding for
half the history of the model. It satisfies the stronger energy requirements (the
dominant and strict strong energy conditions) and is singularity-free (see the Ap¬
pendix for a short summary). A detailed analysis of how the model fits in with the
general conclusions of the singularity theorems was also performed in [14], and the
solution was proven to be in full accordance with the theorems: in all versions of
the theorems at least one of their hypotheses was not satisfied, usually the so-called
boundary or initial condition (see [7]).
Almost simultaneously, another paper [15] extended the particular model in [5]
to a general family of perfect-fluid solutions with an Abelian G^-symmetry acting
on spatial surfaces. This family was obtained under the assumption of separation of
variables. It contains a diversity of models, with different properties, in particular a
2-parameter subfamily of geodesically complete, singularity-free, solutions - which

32

Pramana - J. Phys., Vol. 69, No. 1, July 2007

Singularity theorem
include the original solution in [5] - as well as other relevant solutions such as the
one in [16] (see also [17]). There were also solutions with time-like singularities, and
solutions with no singularities in the matter variables but with time-like singularities
in the Weyl conformal part of the curvature [15]. All such behaviour was somehow
unexpected. As a matter of fact, one could prove that, within the subfamily of
solutions in [15] with a barotropic equation of state and no initial singularity, the
singularity-free solutions lie precisely at the boundary separating the solutions with
only time-like Weyl singularities from the solutions with time-like singularities in
both Weyl and matter variables. This was not very encouraging, since one could
suspect the instability and the zero measure of the non-singular models.
Several generalizations of these solutions were later found by allowing the fluid
to have heat flow [18] and scalar fields [19]. It was claimed in [19,20] that a par¬
ticular ‘inhomogeneization’ procedure (by requiring the separation of variables) of
the Robertson-Walker open cosmological models would lead to the non-singular
models of [5,15]. This was later pursued in a review published by Dadhich in [21],
where he intended to prove the uniqueness of those non-singular models.
Up to this point, all known non-singular solutions were (i) diagonal, that is to
say, with the existence of a global coordinate chart adapted to the perfect fluid
(so-called ‘co-moving’) such that the metric takes a diagonal form, (ii) cylindrically
symmetric, and (iii) separable in comoving coordinates. The last feature meant
that the metric components could be written as the product of a function of the
separable time coordinate times a function of the separable radial coordinate. The
first example of a non-diagonal non-singular perfect fluid model was presented in
[22], though the solution had been previously published in quite a different context
in [23]. This was a solution for a cylindrically symmetric stiff fluid (the equation of
state is p = g) or equivalently, for a massless scalar field. It was also separable but
could be almost immediately generalized to a family of non-separable, non-diagonal,
non-singular stiff fluid solutions in [24]. Other non-singular solutions followed (see
e.g. [7,25,26]).
It was then shown in [6] that the general family in [15] as well as the whole class
of Robertson-Walker cosmologies belong to a single unified wider class of cylindri¬
cally symmetric [26a], separable, diagonal (non-necessarily perfect) fluid solutions.
Those depended on one arbitrary function of time - essentially the scale factor
- and four free parameters selecting the openness or closeness of the models, the
anisotropy of the fluid pressures, or the anisotropy and spatial inhomogeneity of the
models. The physical properties of this general class were analyzed in detail [6,7], in
particular the deceleration parameter, leading to natural inflationary models (with¬
out violating the strong energy condition), and the generalized Hubble law. The
possibility of constructing realistic cosmological models by ‘adiabatically’ changing
the parameters in order to start with a singularity-free model which at later times
becomes a Robertson-Walker model was also considered in [6] and in §7.7 in [7].
Some interesting lines of research appeared in print in 1997-8. First, by keeping
the cylindrical symmetry, a new diagonal but non-separable family of stiff fluid
singularity-free solutions was presented in [27]. The family contained the same
static limit as the solution in [22], thereby suggesting that they both form part of a
more general class, perhaps of non-zero measure, of non-singular cylindrically sym¬
metric stiff fluid models. Second, the role of shear in expanding perfect fluid models
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was analyzed in [28] proving that non-singular models with an Abelian spatial G2symmetry should be spatially inhomogeneous. This result was much improved and
proven in a more general context in [29], showing in particular that the symmetry
assumption was superfluous. And third, by giving up cylindrical symmetry, a family
of non-singular (non-perfect) fluid solutions with spherical symmetry was presented
in [30]. These models depend on one arbitrary function of time. Once again, they
can avoid the singularity theorems due to the failure of the boundary/initial con¬
dition: there are no closed trapped surfaces. It was also shown in §7.8 of [7] that
these models cannot represent a finite star, since this would require a place where
the radial pressure vanished, which is impossible for appropriate selections of the
arbitrary function of time. This is a property shared by all models mentioned so
far in this subsection.

2.2 Raychaudhuri comes into play: The conjecture
In December 1995, I attended the International Conference on Gravitation and
Cosmology (ICGC-95), held in Pune (India), where I had the chance to meet Prof.
Raychaudhuri for the first time. I was impressed by his personality and accessibility,
specially for a man of his age and reputation. But more importantly, I was deeply
influenced by his remarks in a brief conversations that we - AKR, Naresh Dadhich
and myself - had at that time. If I remember well, AKR mentioned averages in
these informal conversations, but just by the way. This came at a critical time: in a
short talk at the workshop on ‘Classical General Relativity’ (see [31]). I presented
the above-mentioned combined Robertson-Walker plus non-singular general family
[6] and its properties. I thought that the paper, which had already been accepted,
would open the door for realistic models.
Even though AKR meant spacetime averages, I immediately realized the rel¬
evance of his idea, especially to discriminate between singular and non-singular
cosmological models, but using purely spatial averages. As remarked at the end of
the previous subsection, all known non-singular models were ‘cosmological’ in the
sense that they could not describe a finite star surrounded by a surface of vanishing
pressure. However, it can certainly happen that (say) the energy density falls off
too quickly at large distances (this certainly occurred in all known singularity-free
solutions). Thus one may raise the issue whether or not this will better describe
the actual Universe or rather a weakly-localized object such as a very large galaxy.
Of course, a good way to distinguish between these two possibilities is to use the
spatial average of the energy density. Thus, I was inspired by AKR’s remarks and
believed that this was the right answer to the existence of non-singular models such
as the one in [5]. I incorporated this view to the review [7] (see p. 821).
I met AKR for the second time in Pune again, on the occasion of the 15th Interna¬
tional Conference on General Relativity and Gravitation (GR15), held in December
1997. Either at GR15 or in an informal seminar (I cannot exactly recall), I attended
a talk where he discussed some of the non-singular models and made some com¬
ments about the importance of the averages of the physical quantities such as the
energy density, the pressure, or the expansion of the fluid. In 1998, AKR proved [1]
that, under some reasonable assumptions, open non-rotating non-singular models
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must have vanishing spacetime averages of the matter and kinematical variables.
Later, it was shown [2,32] explicitly that, in the open Robertson-Walker models
(with an initial singularity), the same spacetime averages vanish too. Actually, this
holds true for most open spatially homogeneous models as well. Since this property
is shared by all models, it cannot be used to decide between singularity-free and
singular spacetimes.
In my comment, I stressed the following fact. I came to understand, after lis¬
tening to AKR, that pure spatial averages (at a given instant of time) vanish in
the known non-singular solutions, while they are non-vanishing in open RobertsonWalker models. This, together with a well-known singularity theorem for expanding
globally hyperbolic models (Theorem 1 below), enabled the formulation of the fol¬
lowing conjecture [2]:
In every singularity-free, non-rotating, expanding, globally hyperbolic
model satisfying the strong energy condition, spatial averages of the
matter variables vanish.
This will be made precise and proven in §4 below.

2.3 History of the conjecture
My comment [2] was only submitted after electronic correspondence with AKR
[32a]. It seems that he was initially skeptical about the use of purely spatial - and
not spacetime - averages, for he also replied in [33] to our comments. Nevertheless,
in an e-mail dated 9 September 1998, he mentioned that a letter proving the van¬
ishing of spatial averages ‘following his earlier method’ had already been submitted
for publication. This private announcement was followed, shortly thereafter, by (i)
another paper by Dadhich and AKR [34] where they proved the existence of oscilla¬
tory non-singular models within the non-perfect fluid spherically symmetric family
of [30] mentioned above, (ii) general theorems providing sufficient conditions for the
geodesic completeness of general cylindrically symmetric spacetimes [35,36] and (iii)
some work [37] showing the relevance that the singularity-free solutions might have
in the fashionable String Cosmology (see also [38] and references therein).
The letter that AKR mentioned was published in [39]. However, in it global
hyperbolicity was assumed without being mentioned (due to the assumption of
the existence of global coordinates associated to a hypersurface-orthogonal time¬
like eigenvector field of the Ricci tensor). Moreover, the openness of some local
coordinates was taken for granted. Further, the statement that the spatial average
of the divergence of the acceleration associated to the time-like eigenvector field
vanishes was not clearly proved. More importantly, the blow-up of the kinematical
quantities of this eigenvector field was incorrectly related to the blow up of some
Ricci scalar invariants [39a]. All in all, the result in [39], involving spatial averages,
was not completely proved.
This led to some interesting works by others [40,41], where the existence of a
wide class of singularity-free (geodesically complete) cylindrically symmetric stiff
fluid cosmologies was explicitly demonstrated, and many solutions were actually
exhibited. In these papers, the family of regular cylindrically symmetric stiff fluids
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was proven to be very abundant, allowing for arbitrary functions. Furthermore,
strong support for the conjecture was also provided in the second of these papers
[41]: the vanishing of the energy density (and pressure) of the fluid at spatial infinity
on every Cauchy hypersurface was demonstrated to be a necessary requirement if
the spacetime was to be geodesically complete. This was quite encouraging, and
constituted the first serious advance towards the proof of the conjecture.
AKR may not have been aware of these important developments and results.
He put out a preprint [42] to which Fernandez-Jambrina [43] found a counter¬
example. A revised version was published in [44] which was also not fully free of the
shortcomings, as neatly pointed out in [45]. AKR acknowledged these deficiencies
in [46], yet he believed that some of his results were still valid.
Reference [46] was AKR’s last published paper. In my opinion, after having
identified the clue to non-singular models (i.e. averages), which led us all to the
right track, he tried to prove more ambitious and challenging results which were
perhaps beyond the techniques he was using. This, of course, does not in any way
diminishes his fundamental contribution to the field of singularities in Cosmology,
a subject in which, probably, the most important ideas came from his insight and
deep intuition. It is in this sense that the spirit of the theorem to be proven in §4
should be credited to him. I can only hope that he would have welcomed the new
results.

3. Spatial averages and the Raychaudhuri equation

3.1 The Raychaudhuri equation
As is known, the first result predicting singularities under reasonable physical con¬
ditions was published in 1955 - exactly the year of Einstein’s demise - by AKR [3].
In this remarkable paper, he presented what is considered to be the first singularity
theorem, and included a version (the full equation appeared soon after in [47], see
also [4]) of the equation named after him which is the basis of later developments
and of all the singularity theorems [7-10]. The Raychaudhuri equation can be easily
derived from the general Ricci identity:

Contracting a with /i here, then with uu, one gets
= Rpvupu\
where Rpu is the Ricci tensor. Reorganizing by parts the first summand on the
left-hand side, one derives
W - V,(/V,^) + Rpvupuv = 0

(i)

which is the Raychaudhuri equation. AKR’s important contribution was to un¬
derstand and explicitly show the fundamental physical implications of this simple
geometrical relation.
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Let us analyze some of these implications. Observe that in the case that
defines a (affinely parametrized) geodesic vector field, then uvV Uup = 0 and the
third term vanishes. The second term can then be rewritten by splitting
^— ST
into its symmetric

and antisymmetric Apu parts, so that

W -

.

Now the point is to realize two things, (i) If up is time-like (and normalized) or
null, then both
and
are non-negative, (ii) up is also proportional
to a gradient (therefore defining orthogonal hypersurfaces) if and only if Apu — 0.
In summary, for hypersurface-orthogonal geodesic time-like or null vector fields
one has
= -S^S^ - Rpvupu\
so that the sign of the derivative of the divergence or expansion 9 = Valong
the geodesic congruence is governed by the sign of Rpuupuu. If the latter is non¬
negative, then the former is non-positive. In particular, if the expansion is negative
at some point and Rpvupuv > 0 then one can prove, by introducing a scale factor
L such that u/iVAt(logL) oc 9 and noting that Sp = 6, that necessarily the diver¬
gence will reach an infinite negative value in finite affine parameter (unless all the
quantities are zero everywhere).
If there are physical particles moving along these geodesics, then clearly a physical
singularity is obtained, since the mean volume decreases and the density of particles
will be unbounded (see Theorem 5.1 in [7], p. 787). This was the situation treated
by AKR for the case of irrotational dust. In general, no singularity is predicted,
though, and one only gets a typical caustic along the flow lines of the congruence
defined by up. This generic property is usually called the focusing effect on causal
geodesics. For this to take place, of course, one needs the condition
Rpvupuv > 0

(2)

which is a geometric condition and independent of the particular theory. However,
in General Relativity, one can relate the Ricci tensor to the energy-momentum
tensor T^u via Einstein’s field equations (8nG = c = 1)
R^iu ~

T Agpv — Tpu .

(3)

Here R is the scalar curvature and A the cosmological constant. Therefore, condi¬
tion (2) can be rewritten in terms of physical quantities. This is why sometimes
(2), when valid for all time-like
is called the time-like convergence condition,
also the strong energy condition in the case where A = 0 [10]. One should bear in
mind, however, that this is a condition on the Ricci tensor (a geometrical object)
and therefore will not always hold (see the discussion in §6.2 in [7]).
The focusing effect on causal geodesics predicted by the Raychaudhuri equation
was the fundamental ingredient needed to derive the powerful singularity theorems.
Nevertheless, as remarked above, this focusing does not lead to singularities on its
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own in general. As a trivial example, observe that flat spacetime satisfies condition
(2) trivially, but there are no singularities: the focusing effect simply leads to focal
points or caustics of the geodesic congruences. This is why it took some time
to understand the necessity of combining the focusing effect with the theory of
existence of geodesics maximizing the interval (which necessarily cannot have focal
points or caustics) in order to prove results on geodesic incompleteness, which is a
sufficient condition in the accepted definition of a singularity. With the imaginative
and fruitful ideas put forward by Penrose in the 1960s, later followed by Hawking,
this led to the celebrated singularity theorems (see [7-10]).
As a simple but powerful example, which we shall later need to prove the new
theorem, let us present the following standard singularity theorem (Theorem 9.5.1
in [48], Theorem 5.2 in [7]).
Theorem 1. If there is a Cauchy hypersurface E such that the time-like geodesic

congruence emanating orthogonal to E has an initial expansion 0|s > 6 > 0 and
condition (2) holds along the congruence, then all time-like geodesics are past in¬
complete.
The idea of the proof is simple [7,10,48]: since E is a Cauchy hypersurface, the
spacetime is globally hyperbolic so that one knows that there is a maximal time¬
like curve from E to any point. From standard results any such maximal curve
must be a time-like geodesic orthogonal to E without any point focal to E between
E and the point. But the Raychaudhuri equation (1) implies that these focal points
should exist in the past at a proper time less than or equal to a fixed value (given
by 3/0|e < 3/6). As every causal curve crosses the Cauchy hypersurface E, no
time-like geodesic can have length greater than 3/6 back to the past.

3.2 Spatial averages
Let E be any space-like hypersurface in the spacetime and let rjE be the canonical
volume element 3-form on E. The average (f)s of any scalar / on a finite portion
S of E is defined as

where Vol(S) is the volume of S C E. The spatial average on the whole E is defined
as (the limit of) the previous expression when 5 approaches the entire E

friz
(/)E = lim

-slVoUE)]-1

5

Vz
Obvious properties of these averages are
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1. (linearity) For any S C E, any functions /, g and any constants a,b:
(af + bg)s = a (f)s + b (g)s .
2. For any S CE, (f)s < (|/|}s.
3. If S C E such that its closure is compact (so that its volume is finite, Volfs') <
oo), then for any / > b > 0 on S, (f)s > b and the equality holds only if / is
constant, / = 6, almost everywhere on S. In particular, if / > 0 on such an
S, then (f)s > 0 and the equality holds only if / vanishes almost everywhere
on S.
4. If S' C E does not have a finite volume (so that it cannot be of compact clo¬
sure), then for any / > 0 on S, (f)s > 0 and the equality requires necessarily
that / -4 0 when ‘approaching the boundary’ (i.e., when going to infinity).
Conversely, if / > 0, / is bounded on S and / is bounded from below by
a positive constant at most along a set of directions of zero measure, then

</>s = 0.
5. If |/| is bounded on S (|/| < M), then (/2)s < M (\f\)s.

In particular,

(|/|)5 = 0 implies that (f2)s = 0.
6. Similar results hold, of course, for negative and non-positive functions (just
use -/).

4. The theorem

Let us consider any space-like hypersurface E in the spacetime, and let uM be its
unit normal vector field (ergo time-like). The projector h^v — g^ + u^uv defines
the canonical first fundamental form of E. A classical result relates the intrinsic
Riemannian structure of (E,h^u) with the Lorentzian one of the spacetime, and
in particular their respective curvatures. The main result is the Gauss equation,
which reads (e.g. [10,48])
Ra(315Kh^hZh5T = R\^r + KxuK^t ~ K\tK»v,
where K— KUfl = h^h'Z'Vis the second fundamental form of E, and R\^UT is
the intrinsic curvature tensor of (E, h^u). Observe that
v — 0 and u^R\^T —
0. Contracting all indices here one derives the standard result (e.g. §10.2 in [48])

K2 =

+ 2R/lvuiXuv + R - R,

where R is the scalar curvature of E and K = Kfi. Using the Einstein’s field
equations (3) this can be rewritten in terms of the energy-momentum tensor as
K2 =

+ 2T^uu + 2A - R.

(5)

Recall that
is the energy density of the matter content relative to the
observer
and thus it is always non-negative. Note, also, that for any extension
of
outside E as a hypersurface-orthogonal unit time-like vector field (still called
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u^), their previously defined kinematical quantities 6 —
are simply
0|e — A.,

(*^1/

and S^u —

^i

where
= u^X?Uu^ is the acceleration vector field of the extended u^L.
Combining this with Theorem 1 one immediately deduces a very strong result
concerning the average of the energy density:
Proposition 1. Assume that (1) there is a non-compact Cauchy hypersurface E

such that the time-like geodesic congruence emanating orthogonal to E is expanding
and condition (2) holds along the congruence, (2) the spatial scalar curvature is non¬
positive on average on E: (R)^ —
(3) the cosmological constant is non-negative
A > 0 and (4) the spacetime is past time-like geodesically complete. Then,

(T^uV)e = {K^K^ = (R)e = A = 0.

(6)

Remarks

• The first assumption requires spacetime to be globally hyperbolic (so that it is
causally well-behaved). Also, the time-like convergence condition has to hold
along the geodesic congruence orthogonal to one of the Cauchy hypersurfaces.
Furthermore, the Universe is assumed to be non-closed (non-compactness
assumption) and expanding everywhere at a given instant of time as described
by the hypersurface E. All this is standard (Theorem 1).
• The second assumption demands that the space of the Universe (at the ex¬
panding instant) be non-positively curved on average. Observe that this still
allows for an everywhere positively curved E (see the example in the Ap¬
pendix). This is in accordance with our present knowledge of the Universe
and with all indirect observations and measures, e.g. the recent data [49] from
WMAP.
• The third assumption is also in accordance with all theoretical and observa¬
tional data [49]. Observe that the traditional case with A = 0 is included.
Notice, however, that the time-like convergence condition (2) is also assumed.
This may impose very strict restrictions on the matter variables if A > 0.
• The second and third assumptions could be replaced by milder
as (R)e < 2A, allowing for all signs in both A and (R) . The
concerning the vanishing of the averaged etiergy density would be
as well as the next one in (6), but the last two equalities in (6)
replaced by (R)e = 2A.

ones such
conclusion
unaltered,
should be

• Probably, the fourth condition may be relaxed substantially, as one just needs
that the set of past-incomplete geodesics be not too big. There are some
technical difficulties, however, to find a precise formulation of the mildest
acceptable condition.
• The conclusion forces the second and third assumptions to hold in the extreme
cases and, much more importantly, it implies that the energy density of the
matter on E has a vanishing spatial average. This conclusion was the main
goal in this paper.
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Proof. From Theorem 1 and the fourth hypothesis it follows that 0 < 9|s = K
cannot be bounded from below by a positive constant. Furthermore, the existence of
a complete maximal time-like curve (which must be a geodesic without focal points)
from the Cauchy hypersurface E to any point to the past implies that, actually, K
can be bounded from below away from zero only along a set of directions of zero
measure. Point 4 of the list of properties for averages implies that (6)E = (JF)S = 0,
and point 5 in the same list provides then (R2)v = 0. Taking averages on formula
(5) and using point 1 in that list one arrives at
+ 2 {T^uV)e + 2A - (A)e = 0.
Then, given that all the summands here are non-negative, the result follows.
This result can be made much stronger by using, once again, the Raychaudhuri
equation. To that end, we need a lemma first.
Lemma 1. If the energy-momentum tensor satisfies the dominant energy condition
and
— 0 for some unit time-like vector field
, then all the components
ofT^ in any orthonormal basis {eg} have vanishing average on E
= 0,

Va,/3 = 0,1,2,3.

(7)

Proof. The dominant energy condition implies that [10,50], in any orthonormal
basis {eg} (where eg is the time-like leg)
T

p^pu > T
1

p^pv

Va,0 = 0,1,2,3,

so that, by taking any orthonormal basis with
— eg, points 2 and 6 in the list of
properties of spatial averages lead to eq. (7) in those bases. As any other orthonor¬
mal basis is obtained from the selected one by means of a Lorentz transformation
- so that the components of T^u in the new basis are linear combinations, with
bounded coefficients, of the original ones - the result follows.
The combination of this lemma with Proposition 1 leads to the following result.
Proposition 2. Under the same assumptions as in Proposition 1, if
satisfies
the dominant energy condition then not only the averages shown in eqs (6) and (7)
vanish, but furthermore

- VX>E =

= <fl„„e£e2)E = 0,

(8)

where vM is the unit time-like geodesic vector field orthogonal to E, d —
its
expansion, u^ is any hypersurface-orthogonal unit time-like vector field orthogonal
to E, and aM = uvX7Uu^ its acceleration.
Remarks
• The hypersurface-orthogonal vector field
may represent the mean motion
of the matter content of the Universe. Observe that, thereby, an acceleration
of the cosmological fluid is permitted. This is important, since such an ac¬
celeration is related to the existence of pressure gradients, and these forces
oppose gravitational attraction.
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• The expression nT V^6 can be seen as a ‘time derivative’ of the expansion 6: a
derivative on the transversal direction to E. In particular, /Vis the time
derivative, with respect to proper time, of the expansion for the geodesic
congruence orthogonal to E. This proper time derivative of d does have a
vanishing average on E. Notice, however, that the generic time derivative of
the expansion 6 does not have a vanishing average in general: this is governed
by the average of the divergence of the acceleration.
• Evidently,
= 0 so that
is space-like and tangent to E on E. Further¬
more, one can write
VX = (.h*v - u^uu)\/^au =
Letting a represent the spatial vector field

4- a^.
|e on E, this implies

= divsa + a • a,
where div^ stands for the three-dimensional divergence within (E,h^) and
• is its internal positive-definite scalar product; hence a • a > 0 and this
vanishes only if a — 0. Note that the average (divea)e will vanish for any
reasonable behaviour of a^ls, because the integral in the numerator leads via
Gauss theorem to a boundary (surface) integral ‘at infinity’, which will always
be either finite or with a lower-order divergence than vol(E). Therefore, by
taking averages of the previous expression one deduces
(VAXa/i)E = (a - a)E = (al,al/)E > 0.
In other words, the first conclusion in (8) can be rewritten in a more inter¬
esting way as (u^V^6 - aua?)E — 0, or equivalently
- (aiyau)j: > 0.
Observe that, if these averages do not vanish, this implies in particular that
there must be regions on E where
^9 is positive.
Proof. From Proposition 1 it follows that necessarily A = 0. Hence in any or¬
thonormal basis {e^} eq. (3) implies
'eae/3 ~

eae/3 ~

where {r)ap) =diag(-l, 1,1,1). By taking averages on E here and using Lemma 1,
one deduces

<iVe£eJ)E = 0,

Va, 0 = 0,1,2,3

which are the last expressions in (8).
The Raychaudhuri equations (1) for u** and vM are respectively
uyWu6 4-

W -

4- R^vu^uv - 0,

vuX7vd 4- V^W 4- R[xvv[xvv = 0.
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Obviously

|e =

and it is elementary to check that 0|e = i9|e and

W|s - V^j, W|e = K^K^.
From (9) and (10) one thus gets
(uuVv9

-

VX)Ie = vu\7ud|E

=

-K^K^ - R[xvu^uv|E < 0

so that uvVu6 —
is everywhere non-positive on E. Taking averages on E,
using the second equation in (6) and the previous result on the averages of the
Ricci tensor components one finally gets
{uvvue -

vx)|E - (/v^)|E - o.

That ends the proof.
The main theorem in this paper is now an immediate corollary of the previous
propositions.
Theorem 2. Assume that (1) there is a non-compact Cauchy hypersurface E such
that the time-like geodesic congruence emanating orthogonal to E is expanding and
the time-like convergence condition (2) holds along the congruence, (2) the spatial
scalar curvature is non-positive on average on E: (R)e < 0, (3) the cosmological
constant is non-negative A > 0, (4) the energy-momentum tensor satisfies the
dominant energy condition.
If any single one of the following spatial averages

A, <0>E,

(62)e,

(<?2)e,

(K^Kns,

- VMaM)E , (rM„e^e^)E,

(R^e^)s

= 0,1,2,3

does not vanish, then the spacetime is past time-like geodesically incomplete.

As before, notice that the first average in the second row can be replaced by
(u^V^O — aMaM)E. Therefore, another sufficient condition is that
^9 is non¬
positive everywhere but its average be non-zero.

5. Conclusions

Observe the following implication of the theorem. Under the stated hypotheses,
a non-vanishing average of any component of the energy-momentum tensor (or of
the Ricci tensor) - such as the energy density, the different pressures, the heat
flux, etc. - leads to the existence of past singularities. It is quite remarkable that
one does not need to assume any specific type of matter content (such as a perfect
fluid, scalar field, ...); only the physically compelling and well-established dominant
energy condition is required. The theorem is valid for ‘open’ models, as the Cauchy
hypersurface is required to be non-compact. This is, however, no real restriction,
because for closed models there are stronger results [7-10,48]. As a matter of fact,
closed expanding non-singular models require the violation of the strong energy
condition [7]. There is no hope of physically acceptable closed non-singular models
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satisfying the time-like convergence condition (2) (without this condition, there are
some examples [7,26]).
Let me stress that the conclusion in Theorem 2 is quite strong: it tells us that
the incompleteness is to the past. Besides, I believe that one can in fact prove a
stronger theorem such that the geodesic time-like incompleteness is universal to the
past.
The main implication of the above results is this: a clear, decisive, difference
between singular and regular (globally hyperbolic) expanding cosmological models
is that the latter must have a vanishing spatial average of the matter variables.
Somehow, one could then say that the regular models are not cosmological, if we
believe that the Universe is described by a more or less not too inhomogeneous
distribution of matter. This is, on the whole, a very satisfactory result.

Appendix: The singularity-free model of [5]

In cylindrical coordinates {t,p,(p,z} the line-element reads
ds2 — cosh4(at) cosh2(3ap)(-dt2 + dp2)
+

cosh4(at) cosh-2/3(3ap) sinh2(3ap)d(p2

+ cosh~2(at) cosh~2//3(3ap)d2:2,

(11)

where a > 0 is a constant. This is a cylindrically symmetric (the axis is defined by
P —t 0) solution of the Einstein’s field equations (3) (with A = 0 for simplicity) for an
energy-momentum tensor describing a perfect fluid: T^u = qu^uv +p(gfl„ -f u^uv).
Here q is the energy density of the fluid given by
6 — 15a2 cosh~4(at) cosh~4(3ap),

and
un = (- cosh2(at) cosh(3ap), 0, 0,0)

defines the unit velocity vector field of the fluid. Observe that
(except at the axis), the acceleration field being

is not geodesic

aM = (0, 3atanh(3ap), 0, 0).
The fluid has a realistic barotropic equation of state relating its isotropic pressure
P to q by

1
P=3°-

This is the canonical equation of state for radiation-dominated matter and is usually
assumed to hold at early stages of the Universe. Note that the energy density and
the pressure are regular everywhere, and one can in fact prove that the spacetime
(11) is completely free of singularities and geodesically complete [14]. For complete
discussions on this spacetime, see [14] and §7.6 in [7]. One can nevertheless see that
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the focusing effect on geodesics takes place fully in this spacetime. This does not
lead to any problem with the existence of maximal geodesics between any pair of
chronologically related points (see the discussion in [7], pp. 829-830).
Spacetime (11) satisfies the strongest causality condition: it is globally hyper¬
bolic, any t =const. slice is a Cauchy hypersurface. All typical energy conditions,
such as the dominant or the (strictly) strong ones (implying in particular condition
(2) with the strict inequality) also hold everywhere. The fluid expansion is given
by
9 =

sinh(at)

= 3a

Q

•

cosh (at) cosh(3ap)
Thus this Universe is contracting for half of its history (t < 0) and expanding for
the second half (t > 0), having a rebound at t = 0 which is driven by the spatial
gradient of pressure, or equivalently, by the acceleration a^. Observe that the entire
Universe is expanding (that is, 9 > 0) everywhere if t > 0. Note that this is one of
the assumptions in Propositions 1, 2 and Theorem 2. It is however obvious that, for
any Cauchy hypersurface St given by t — T ^constant, the average (0)et = 0. As
one can check for the explicit expression (12), 9 is strictly positive everywhere but
not bounded from below by a positive constant because lim^oo 9 = 0. Observe,
however, that for finite p one has lim^oo 9 > 0 and finite.
Similarly, one can check that the scalar curvature of each St is given by
R = 30a2 cosh-4 (aT) cosh-4(3ap) > 0

which is positive everywhere.
(p)et = 0. Observe also that

However, (R)y.t — 0, and analogously (q)zt =

..
o
sinh2(3ap)
a„aM = 9a2-zcosh4 (at) cosh4(3ap)
and thus (aAta/i)sT = 0. This implies that in this case (uAiVAX^)sT = 0. The sign of
u^X7 ^9 — V^a^ is negative everywhere, as can be easily checked:

u^X/^9 = 3 a2

rr
v* n a

.... 0,2
— 3a

1 — 3 tanh2(at)
cosh4 (at) cosh2(3ap) ’
cosh2(3ap) + 5
a

a

.

cosh4 (at) cosh4(3ap)
All these are in agreement with, and illustrate, Theorem 2, Propositions 1 and 2,
and their corresponding remarks.
This simple model shows that there exist well-founded, well-behaved classical
models which expand everywhere, satisfying all energy and causality conditions,
and are singularity-free. However, as we have just seen, the model is somehow not
‘cosmological’ to the extent that the above-mentioned spatial averages vanish.
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We present a brief review on the Raychaudhuri equations. Beginning with a
summary of the essential features of the original article by Raychaudhuri and subsequent
work of numerous authors, we move on to a discussion of the equations in the context of
alternate non-Riemannian spacetimes as well as other theories of gravity, with a special
mention on the equations in spacetimes with torsion (Einstein-Cartan-Sciama-Kibble
theory). Finally, we give an overview of some recent applications of these equations
in general relativity, quantum field theory, string theory and the theory of relativisitic
membranes. We conclude with a summary and provide our own perspectives on directions
of future research.
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1. The beginnings
»

About half a century ago, general relativity (GR) was young (just forty years old!),
and even the understanding of the simplest solution, the Schwarzschild, was incom¬
plete. Cosmology was virtually in its infancy, despite the fact that the FriedmannLemaitre-Robertson-Walker (FLRW) solutions had been around for quite a while.
The question about the then-known exact solutions of GR, which worried the seri¬
ous relativist quite a bit, concerned their singular nature. Both the Schwarzschild
and the cosmological solutions were singular. It is well-known that the creator of
GR, Einstein himself, was quite worried about the appearance of singularities in
his theory. Was there a way out? Was it correct to believe in a theory which had
singular solutions? Were singularities inevitable in GR?
It was during these days in the early 1950s, Raychaudhuri began examining
some of these questions in GR. One of his early works during this era involved
the construction of a non-static solution of the Einstein equations for a cluster
of radially moving particles in an otherwise empty space [1]. A year before, he
had also written an article related to condensations in an expanding Universe [2]
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where he dealt with cosmological perturbations (in a sense, this article deals with
what is today known as structure formation). Subsequent to these papers, in 1955,
appeared Relativistic Cosmology I [3], which contains the derivation of the nowfamous Raychaudhuri equation.
Fifty years hence, the Raychaudhuri equations have been discussed and analysed
in a variety of contexts. Their rise to prominence was largely due to their use
(through the notion of geodesic focusing) in the proofs of the seminal HawkingPenrose singularity theorems of GR. Today, the importance of this set of equations,
as well as their applicability in diverse scenarios, is a well-known fact.
This article is a brief review on these equations. We shall deal with some selected
aspects in greater detail. We, of course, would like to emphasize that there are many
topics which we leave untouched or, barely touched. We hope to do justice to these
in a later, and more extensive article.
The overall plan of this article is as follows. In the remainder of this section,
we shall recall the basic ideas and results in the 1955 paper and the singular¬
ity theorems. The next section introduces (with illustrative examples) the kinematical quantities (expansion, rotation and shear) which govern the character¬
istics of geodesic flows and also outlines the derivation and consequences of the
equations. Section 3 considers the equations in alternative Riemannian and nonRiemannian theories of gravity (R-\- (3R2 theory and the Einstein-Cartan-SciamaKibble (ECSK) theory, in particular). In §4, we give a glimpse of the diverse uses
of these equations in contexts within, as well as outside the realm of GR. Finally,
we present a summary and provide our perspectives on possible future work.

1.1

The original 1955 paper

The derivation of the Raychaudhuri equation, presented in the 1955 article, is
somewhat different from the way it is presented in standard textbooks today. It
must however be mentioned, that in a subsequent paper in 1957 [4], Raychaudhuri
presented further results which bear a similarity with the modern approach to the
derivation. Let us now briefly summarise the main points of the original derivation
of Raychaudhuri.
(a) Raychaudhuri’s motivation behind this article is almost entirely restricted to
cosmology. He assumes that the Universe is represented by a time-dependent ge¬
ometry but does not assume homogeneity or isotropy at the outset. In fact, one
of his aims is to see whether non-zero rotation (spin), anisotropy (shear) and/or a
cosmological constant can succeed in avoiding the initial singularity.
(b) The entire analysis is carried out in the comoving frame (in the context of
cosmological line elements) - the frame in which the observer is at rest in the fluid.
(c) The quantity R\ (spacetime coordinates in the 1955 paper are labeled as
xl,x2,x3,x4 with the fourth one being time), is evaluated in two ways - once
using the Einstein equations (with a cosmological constant A) and, again, using the
geometric definition of R\ in terms of the metric and its derivatives. In the second
way of writing this quantity, Raychaudhuri introduces the definitions of shear and
rotation.
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(d) Finally, equating the two ways of writing R\ the equation for the evolution of
the expansion rate is obtained. Note that the definition of expansion given in this
paper refers to the special case of a cosmological metric.
(e) Apart from obtaining the equation, the article also arrives at the focusing the¬
orem (though it is not mentioned with this name) and some additional results (the
last section).
In the same year (1955), Heckmann and Schucking [5], while dealing with New¬
tonian cosmology arrived at a set of equations, one of which is the Raychaudhuri
equation (in the Newtonian case). Prompted by this work, Raychaudhuri re-derived
his equations in a somewhat different way in an article where he also showed that
Heckmann and Schucking’s work for the Newtonian case could be generalised with¬
out any problems to the fully relativistic scenario. It must also be noted that Komar
[6], a year after Raychaudhuri’s article appeared, obtained conclusions similar to
what is presented in Raychaudhuri’s article. Raychaudhuri pointed this out in a
letter published in 1957 [7].
Subsequently, in 1961, Jordan et al wrote an extensive article on the relativistic
mechanics of continuous media where the derivation of the evolution equations of
shear and rotation seem to appear for the first time [8]. Furthermore, for null
geodesic flows, the kinematical quantities: expansion, rotation and shear (related
to the so-called optical scalars) and the corresponding Raychaudhuri equations,
were first introduced by Sachs [9].
The Raychaudhuri equation is sometimes referred to as the LandauRaychaudhuri equation. It may be worthwhile to point out precisely, the work
of Landau, in relation to this equation. Landau’s contribution appears in his trea¬
tise The Classical Theory of Fields [10] and is also discussed in detail in [6,11].
Working in the synchronous (comoving) reference frame, Landau defines a quan¬
tity Xai3 —
ap/dt, where X&P is the 3-metric. Subsequently, using the fact that
X& — (d/dt)7, where 7 is the determinant of the 3-metric, he writes down an ex¬
pression for Rq and then, an inequality (d/dt)Xa + | (a2)2 > 0- While deriving
the inequality, Landau implicitly assumes the strong energy condition (though it
is not mentioned with this name). Then, using it, he is able to show that 7 must
necessarily go to zero within a finite time. However, he mentions quite clearly that
this does not imply the existence of a physical singularity in the sense of curvature.
Though Landau’s work captures the essence of focusing, he does not explicitly men¬
tion geodesic focusing. Moreover, he does not introduce shear and rotation or write
down the complete equation for the expansion.
Even though it was mentioned in [11] and [8], Raychaudhuri’s contribution found
its true recognition only after the seminal work of Hawking and Penrose which
appeared a decade later. It was at that time, along with the proofs of the singularity
theorems, the term Raychaudhuri equations came into existence in the physics
literature.

1.2

The singularity theorems

It must be mentioned that Raychaudhuri did point out the connection of his equa¬
tions to the existence of singularities in his 1955 article. However, more general
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results (based on global techniques in Lorentzian spacetimes) appeared in the lorm
of singularity theorems following Penrose’s work [12] and, then, Hawking’s contri¬
butions [13,14]. The crucial element of the singularity theorems is that the existence
of singularities is proved by using a minimal set of assumptions (loosely speaking,
these are: Lorentz signature metrics and causality, the generic condition on the Riemann tensor components, the existence of trapped surfaces and energy conditions
on matter). In fact, a precise definition of ‘what is a singularity?’ first appeared
in the works of Hawking and Penrose. The notion of geodesic incompleteness and
its relation to singularities (not necessarily curvature singularities) was also born
in their work. One should also realise that the focusing of geodesics arrived at by
Raychaudhuri and discussed in much detail in later articles by other authors could
be completely benign (irrespective of any actual singularity being present in the
manifold). Thus, a singularity would always imply focusing of geodesics but focus¬
ing alone cannot imply a singularity (also pointed out by Landau [10]). We refrain
from discussing the singularity theorems any further here - excellent discussion on
global aspects in gravitation as well as the Hawking-Penrose theorems are available
in [15-17].

2. The geometry and physics of the equations

Let us now review the basic ingredients and the derivation of the equations. First,
of course, we need to know - what do these equations deal with? In a sentence,
one may say that they are concerned about the kinematics of flows. Flows are
generated by a vector field - they are the integral curves of the given vector field.
These curves may be geodesic or non-geodesic, though the former is more useful
in the context of gravity. Thus, a flow is a congruence of such curves - each curve
may be time-like or null or, in the Euclidean case, have tangent vectors with a
positive definite norm. One does not, in the context of these equations, ask, how
the flow is generated. In other words, we are more interested, in deriving the
kinematic characteristics of such flows. The evolution equations (along the flow)
of the quantitites that characterise the flow in a given background spacetime, are
the Raychaudhuri equations. Historically speaking, it is the equation for one of
the quantitites (the expansion), which is termed as the Raychaudhuri equation.
However, in this article, we will refer to the full set of equations as Raychaudhuri
equations.

2.1

Expansion, rotation, shear

What quantities characterise a flow? If A denotes the parameter labeling points
on the curves in the flow, then, in order to characterise the flow, we must have
different functions of A. In other words, ’the gradient of the velocity field being
a second rank tensor is split into three parts: the symmetric traceless part, the
antisymmetric part and the trace. These define for us the shear, rotation and the
expansion of the flow. Specifically,
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Area enclosing a set of flow lines

.

Figure 1
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The cross-sectional area enclosing a congruence of geodesics.
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where the symmetric, traceless part, the shear, is defined as <jab — | (V&na + VaVb) —
(l/(n — l))haf>0, the trace, expansion, is 0 — Vaua and the antisymmetric rotation
is given as, ujab —
— V0uj,). n is the dimension of spacetime, and hab —
gab ± vaVb is the projection tensor (the plus sign is for time-like curves whereas the
minus one is for space-like ones). Also, correspondingly, vava = =pl- Later, we shall
discuss the case of null geodesic congruences briefly.
The geometric meaning of these quantities is shown through figures 1 and 2. The
expansion, rotation and shear are related to the geometry of the cross-sectional
area (enclosing a fixed number of geodesics) orthogonal to the flow lines (figure
1).
As one moves from one point to another, along the flow, the shape of this
area changes. It still includes the same set of geodesics in the bundle but may
be isotropically smaller (or larger), sheared or twisted. The analogy with elastic
deformations or fluid flow is, usually, a good visual aid for understanding the change
in the geometry of this area. A recent, nice discussion is available in [18]. In refs
[19,20] these quantities are explained in quite some detail.

2.2 Examples
It is useful to illustrate these quantities with a set of examples. We first choose to
work with Schwarzschild spacetime. Our examples here will involve (i) rotation-free
time-like geodesic flows and (ii) time-like flows with all three kinematical quantities
non-zero. We focus on examples with non-zero shear and rotation because these are
not usually available in standard texts on GR. Our choice of examples are primarily
based on the problems suggested in a recent monograph by Poisson [18]. In a third
example (iii) we discuss briefly a time-like geodesic flow in the FLRW Universe.
Finally, in (iv) we briefly deal with geodesic flows in wormhole spacetimes.
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Figure 2. Illustrating expansion, rotation and shear.

(i) From the Frobenius theorem [18], we know that hypersurface orthogonal vec¬
tor fields must necessarily have zero rotation though the shear can have non-zero
components. In Schwarzschild spacetime, we construct a congruence which has
the above properties (i.e. it is irrotational but has non-zero shear and expansion).
Consider the vector field

1
1

- (2M/r)

dt±

The geodesics corresponding to the above vector field are marginally bound (i.e.
Ut — —1) and the upper and lower signs refer to outgoing and incoming geodesics.
It is easy to show that the above vector field can be written as ua — dac/>, where
cj)(xa) = constant would represent the hypersurface with respect to which ua is
orthogonal. In fact, 0 is the same as the new time T (the proper time as measured
by a freely falling observer starting from rest at infinity and moving radially in¬
ward) used in the Painleve-Gullstrand representation [18] of the Schwarzschild line
element.
It is easy to calculate the expansion, which turns out to be
, 3 [2M

±2 V

~rr'

Notice that the expansion is positive for outgoing and negative for incoming
geodesics. We can also find the non-zero shear tensor components which are given
as
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One can then check that the Raychaudhuri equations (given in the next sub-section)
hold with the above expressions for the shear and expansion.
(ii) We now move on to an example where all three kinematical quantities are
non-zero.
Consider the following vector field in Schwarzschild spacetime:
1
5

yi - (3M/r)

where M is the usual mass. It can be verified that the geodesics corresponding to
this vector field are time-like and they are circular (r is a constant). We intend to
calculate the expansion, rotation and shear of the above vector field. The expansion
is given as
M/T

0 = cot 9

- (3M/r)'

1

Notice that the expansion is positive in the northern hemisphere and negative in
the southern hemisphere.
Following the definition, one can show that the rotation tensor for this vector
field is given as
1 - (6M/r)

M

4r2 (1 - (3M/r))3/2
and the shear tensor is

—

(1 - (2M/r))

M

M
&tt

q~&69

r3 sin2 0(1- (3M/r))

2

M (1 - (2M/r))2
M
a rr
= ~\ -T&t6 = r (1 — (3M/r))
— ^ COt

M3
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‘
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3M
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—
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4r2
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(1

3/2
—
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One can further verify that here too, the Raychaudhuri equations (given below) are
satisfied for the above quantities. One can also evaluate a2 - lj2 and show that it
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is positive for r > 3M. The expansion is defined for this domain of r (>3M) and
can diverge to negative infinity (focusing) at 6 — n (south pole).
(iii) As a third example, we now quickly discuss the expansion, rotation and shear
with respect to the vector field uada — dt in the standard cosmological line element
(FLRW). The shear and rotation are identically zero. The expansion is given as

0

1

d

Note that a6 is the volume of the expanding 3-space. Hence the term ‘volume’
expansion is also used in the literature. Raychaudhuri, in his original article, defined
the expansion in this way. However, his treatment did include non-zero shear and
rotation because he did not assume, to start with, maximally symmetric metrics
on spatial slices representing R3, S3 or H3. It may be mentioned here that the
equation for the expansion reduces to the equation for (a/a) = (47rG/3)(p + 3p).
(iv) Our final example concerns the case of geodesic flows in a traversable wormhole [21]. It is known that traversable wormholes require energy-condition-violating
matter. These are non-singular spacetimes where the spatial slices resemble two
asymptotically flat regions connected by a throat. Thus a geodesic congruence pass¬
ing through the throat from one asymptotic region to the other would necessarily
tend to focus first, not quite reach a focal point, and then defocus. For a typical
wormhole, the line element is given as
ds2 = —x2(l)dt2 -I- dl2 + r2(l) (d62 + sin2 9 d</>2) ,

(11)

where, for a wormhole, x(0 is non-zero and finite for all l and r(l — 0) = bo with
r(l —> ±oo) ~ l. It is easy to check that the expansion is proportional to r'/r (the
prime denoting a derivative with respect to /). Thus, the expansion never becomes
negative infinity and thus there is no focusing. One can work out the expansion for
a typical example using r(l) = y/b% ± l2 (the so-called Ellis wormhole) [21].

2.3 The equations and the focusing theorem
We now turn towards writing down the evolution equations for the expansion, shear
and rotation along the flow representing a time-like geodesic congruence. A fact
worth mentioning here is that, these evolution equations (and their generalisations)
are essentially geometric statements and are independent of any reference to the
Einstein field equations.
The modern (textbook) way to derive these equations (see [15]) is as follows.
Consider the quantity vcVcBab (where Bab = Vbva). Evaluate this as an identity
and then split it into its trace, antisymmetric and symmetric traceless parts. The
equations that emerge are the ones given below (for n = the dimension of spacetime

-4).
d0
dA
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d^ab
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"F q)^ab
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(13)

+ —Rabi

(14)

- 2crcr,CJ
[6Wa]c:

where cr2 = aab&ab, u2 = uabujab,

Ccbad

is the Weyl tensor and the quantity i?a6 —

hachbdRcd ~ \habhcdRcd.

There are a few points to note here. Firstly, one must realise that these are not
equations but, essentially, identitites. Hence, in some references [22-24] we find the
usage Raychaudhuri identity or Codazzi-Raychaudhuri identity (in the context of
surface congruences to be discussed later) which is, indeed, rigorously correct. The
identities, however become equations once we use the Einstein equations or any
other geometric property (e.g. Einstein space, or vacuum, etc.) as an extra input.
However, we shall continue to use the term equations in this article.
Furthermore, the equations are coupled, nonlinear and first order. The equation
for the expansion is of central interest (in the context of the singularity theorems)
and it is rather straightforward to analyse. In mathematical parlance, it (the equa¬
tion for the expansion) is known as a Riccati equation. Such equations can be
transformed into a second-order linear form (more precisely a Hill-type equation or
a harmonic oscillator equation with a time-varying frequency) [25,26]. Redefining
0 = 3(F1 /F) one gets
+ ^(RabVavb + CT2

-

uj2)F = 0.

(15)

The analysis of the expansion equation can be done using the above form. One
notes that the expansion 0 is nothing but the rate of change of the cross-sectional
area orthogonal to the bundle of geodesics. Therefore, the expansion approaching
negative infinity implies a convergence of the bundle, whereas a value of positive in¬
finity would imply a complete divergence. What are the conditions for convergence?
Firstly, for convergence we must have an initially negative expansion. Finally, with
F' negative we must end up at a zero of F (at a finite A), in order to have a nega¬
tively infinite expansion [25,26]. Thus, the criterion for the existence of zeros in F
at finite values of the affine parameter is what is required for convergence. Using
the well-known Sturm comparison theorems in the theory of differential equations
one can show that convergence occurs if
Rabvavb + cr2 -J2 > 0.

(16)

Thus, rotation defies convergence, while shear assists it. The equation for the
evolution of the rotation uab, has a trivial solution ujab = 0. The criterion for con¬
vergence then becomes particularly simple for such hypersurface orthogonal con¬
gruences (zero rotation): RabVavb > 0. This leads to geodesic focusing.
If we make use of the Einstein field equations and rewrite the Ricci tensor in
terms of the energy-momentum tensor Rab — Tab ~ \dabT then the so-called time¬
like convergence condition becomes a condition on matter stress energy. This, given

Pramana - J. Phys., Vol. 69, No. 1, July 2007

57

Sayan Kar and Soumitra SenGupta

as, [Tab - \gabT) vavb > 0 is known as the strong energy condition (SEC). For a
diagonal Tab (with T0o = p,Taa = pa) we must have p + pa > 0,p 4aPa > 0
if the SEC is to be obeyed. In other words, geodesic focusing encodes the simple
statement that if matter is attractive, geodesics must be eventually drawn towards
each other. This seemingly trivial statement is proved via the focusing theorem.
In the late seventies, Tipler [25,26] realised that the assumption of the SEC im¬
posed to prove focusing and hence the existence of singularities could be further
weakened. Among other results, he was able to show how, in the proof of the
Hawking-Penrose theorem one might replace SEC by the weak energy condition
(WEC: Tabvavb > 0 V non-space-like va). Tipler also introduced in his article,
for the first time, the notion of an averaged energy condition (the averaged strong
and weak energy conditions (ASEC and AWEC)) which are global in nature. For
instance, the AWEC is obtained by integrating the WEC along a non-space-like
geodesic and gives a number (J^ Tabvavbd\ > 0).

The question of whether a

violation of the energy conditions could lead to a non-singular solution was also
addressed by him. One should mention here that a few years before Tipler’s work,
Bekenstein [27] and Murphy [28] had proposed certain non-singular spacetimes.
These models turned out to be singular, following the above-mentioned generalisa¬
tions of the singularity theorems. Tipler also quotes, in his paper, the well-known
Epstein-Glaser-Yaffe theorem in quantum field theory where it is said that there
can exist a quantum state with respect to which the expectation value of the stressenergy tensor can be negative [29]. However, he does mention that the existence
of one state with respect to which the (Too) is less than zero cannot really lead to
the prevention of singularities. Of late, however, energy-condition violations have
been discussed in great detail in the context of wormholes [21], dark energy [30],
braneworld models [31] and semi-classical gravity (quantum field theory in curved
spacetimes) [32]. The experimentally observed Casimir effect (the feeble attraction
between parallel, conducting capacitor plates) [33] has been cited as an example
of the existence of negative energy density (though, truly speaking this effect is
concerned with negative pressures as opposed to actual negative energy densities).
The quest for further weakening the criteria for geodesic focusing and thereby
making the singularity theorems stronger was continued later through the work of
Borde [34] and Roman [35]. Further work on issues related to geodesic focusing,
singularities, energy conditions and causality violations have been carried out in
[36-40].

2.4 Null geodesic congruences
The Raychaudhuri equations for null geodesic congruences were first derived by
Sachs [9] in 1961. Let us briefly recall the salient features of these equations. It must
be mentioned, however, that these equations are not very different (in structure as
well as consequences thereof) from the equations for time-like congruences.
The central issue in the case for null geodesic congruences is the construction of
the transverse parts of the deviation vector and the spacetime metric. Assuming
an affine parametrisation in the sense dxa = kad\ with kaka =0 and ka£a = 0
(with
being the deviation vector) we realise that we are in trouble because of
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the above two orthogonality relations. Naively writing hab — gab + kakb will not
work here (kahab / 0). The transverse metric is thus constructed by introducing
an auxiliary null vector Na with kaNa = — 1. (the choice of -1 is by convention,
the essence is that the quantity must be non-zero). If we choose ka = —dau (u =
t — x) then we can have Na — ~^daV and hence hab — gab + kaNb + kbNa. This
satisfies kahab = 0 and Nahab = 0. Note that hab now is entirely two-dimensional.
Keeping this transverse metric in mind we can proceed in the same way as for the
time-like case by constructing Bab — Vbka. We quote below the equation for the
expansion:
d©
dA

+

i

©2

+<72 -O2 = -Rabkak\

(17)

where the hatted quantitites are the expansion, rotation and shear for the null
geodesic congruence. The focusing theorem for null geodesic congruences follows
in the same way as for time-like congruences, with the null convergence condition
Rabkakb > 0 being the requirement. Using Einstein equations one can obtain
the so-called null energy condition Tabkakb > 0. Similar to the case for time¬
like congruences, we have corresponding equations for the evolution of shear and
rotation for null geodesic congruences too. These are available in [15,18].

2.5

The acceleration term and non-affine parametrisations

The discussions above were exclusively for geodesic congruences. In the non¬
geodesic (i.e. time-like or null congruences) case, it is obvious that there will be
differences. We state below, how the equation for the expansion changes via the
addition of the so-called acceleration term. The equation is now given as
^2 + l©2 + (J2 - w2 - Va(vbVbva) = -Rabvavb,
dA
3

(18)

where the fifth term on the LHS is the acceleration term. Notice that this term
is zero for geodesic congruences (zero acceleration). The average distance between
the world lines in the flow is changed due to the divergence of the acceleration. The
non-geodesic character of the flow also affects the equation for the shear.
For a non-affine parametrisation of null geodesic congruences, with kaVakb = Kkb
(k, a constant, defined through the above equation) the definition of the expansion
changes: 0 = Vaka — k and the Raychaudhuri equation for the expansion takes
the form
A

^-K0+i©2 + a2 -w2 = -Rabkakb.
dA
2

(19)

The new feature here is the presence of the linear (in 0) term. The conclusions on
geodesic focusing however do not change, except for differences in the values of the
expansion.
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2.6 A theorem for non-rotating singularity-free Universes:
Raychaudhuri’s later papers

Over the entire period of more than forty years, Raychaudhuri did not work much
on the equations which bear his name today. Interestingly, he came back to have a
look at them once again in the late nineties with a series of papers [41,42]. In these
articles, he constructed a theorem on non-rotating singularity-free Universes. The
main inspiration behind these papers was the singularity-free cosmological solutions
due to Senovilla [43], which created a lot of interest and curiosity among relativists
in the 1990s. In fact, the work of Raychaudhuri sets out to show that these solutions
may not quite be physically relevant, though surely, mathematically correct. Let
us now briefly recall the theorem of Raychaudhuri.
The basic premise of [41,42] is the use of spacetime averages of quantitites, defined
as

t: nnn.\u^:-'r
r° rxi 1 r2 rs 1^1
L
J—XQ

j—x

j—x2 J—X3

V

J

limxo,i,2,3-»oo

Raychaudhuri shows that for a singularity-free non-rotating Universe, open in all
directions, the spacetime average of all stress-energy invariants, including the en¬
ergy density vanishes. The proof is worked out using the spacetime averages of the
scalars that appear in the Raychaudhuri equation for the expansion. Following the
statement of the theorem, Raychaudhuri claimed that an observationally consistent
Universe cannot have a zero average density and hence one must necessarily give up
the hope of having singularity-free solutions. Subsequent to Raychaudhuri’s work,
Saa and Senovilla [41] wrote a couple of comments which were mainly concerned
with the converse of Raychaudhuri’s theorem and the question whether spacetime
averages could really be a property which can distinguish between singular and
non-singular models. In fact, one must note that the theorem does not say that if
the spacetime averages are zero the spacetime must be non-singular. Therefore, the
theorem cannot really be used to distinguish between singular and non-singular cos¬
mological models. Furthermore, Senovilla, in his comment, made a conjecture that
spatial and not spacetime averages could be a distinguishing property between sin¬
gular and non-singular models. More precisely, his claim was that for non-singular,
non-rotating, globally hyperbolic and everywhere expanding models where SEC
holds, the spatial averages of all stress-energy invariants must vanish. Therefore, if
such spatial averages do not vanish then the model must be singular. More details
and a recent proof of the conjecture is available in the article by Senovilla in this
volume [44]. Despite the conflict between whether spatial or spacetime averages
was the crucial distinguishing factor between singular and non-singular models,
it goes without saying that Raychaudhuri’s idea about averages being a deciding
factor will surely be remembered as a lasting contribution apart from his coveted
equations.
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3. The equations in different geometries and different theories of gravity

The Raychaudhuri equations discussed in the previous sections do not change as
long as we respect the Riemannian (pseudo-Riemannian) metric structure of space
or spacetime. However, in an alternative theory of gravity, the Einstein field equa¬
tions are of course different and hence the relation between the energy-momentum
tensor and other geometric quantities do change. This results in a modification of
the consequences that arise while analysing these equations. On the other hand,
if the usual Riemannian structure of spacetime changes, such as in the case of
spaces with torsion (Einstein-Cartan-Sciama-Kibble theory), then the Raychaud¬
huri equations are surely different. We shall give an example of both these scenarios
in the following two subsections. The equations in spacetimes with torsion is dis¬
cussed in relatively greater detail because, this is one scenario where we actually
notice a generalisation of the usual Raychaudhuri equations.

3.1

Metric theories with symmetric connections

As mentioned above, for theories with a symmetric connection, the Raychaudhuri
equations do not change, though the RHS of the expansion equation when written
using matter stress-energy can be very different from what it is in GR. This change
can surely affect geodesic focusing. It must be noted here that any change in
the conclusions about geodesic focusing in this case is inherently due to the new
solutions (spacetime geometries) of the modified Einstein equations for a given
stress-energy. The above-mentioned aspects have been analysed in the context of
the Brans-Dicke and Hoyle-Narlikar theories [45-47] as well as the R + (3R2 theory
[48], on which we focus our attention below.
The study of the Raychaudhuri equations in the presence of higher curvature
terms in the action has been a subject of interest for a long time [49]. The equation
for the expansion, in a spacetime background solution of R + (3R2 gravity in the
presence of matter (p a a(t)~n) has been analysed in [50]. The strong energy
condition (SEC) is examined and it is shown that the condition for a Big-Bang
singularity changes in such a scenario. Recall that in GR, the singularity theorem
indicates the inevitable presence of singularities when the SEC (as well as some
other conditions) are satisfied. However, at the microscopic scale, in the evolution
of the expansion of a geodesic congruence, quantum effects are expected to show up
- which, in turn, may completely change classical predictions. One such quantum
effect leads to the appearance of higher curvature terms, namely, quadratic gravity
[48]. Even though it might seem that the analysis in [50] for quadratic gravity
is classical, it is, in a broader sense, a semi-classical analysis. Classical solutions
of quadratic gravity have been studied to explore the nature of singularities and
it has been shown that the Big-Bang singularity may be avoided [51]. In [50],
quadratic gravity, i.e. R + (3R2 gravity, was considered as a backreaction effect on
pure Einstein’s gravity. It was found that the SEC for R + (3R2 gravity is different
from that of Einstein gravity. We briefly summarise the results of [50] below.
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In GR, the SEC follows from the use of Einstein’s equations through the relation
vavb > 0

Rabvavb = 8ttG

for all time-like va. This, as mentioned before, leads to focusing.
The author in [50] is primarily interested in the cosmological singularity. To
analyse the effects of the quadratic terms one only needs to find the new expression
for the Ricci tensor Rab in terms of the energy-momentum tensor Tab. Therefore,
we require the modified field equations for quadratic gravity. It is known that this
equation is
— Gab T 167tG/3 (^-R2gab — 2RRab — 2R\n9ab T 2R;a}b^j — —87rGTab.

(22)
In a perturbative analysis, we are primarily interested in the first-order contribution
from (3R2 to the Raychaudhuri equation. After some algebra one arrives at

G (Tab - \Tga^J + 2/JG2

RabVaVl

x Gt2gabG - 2TTabG - T%gab - 2Ta;b^j

vavb + 0(/32),
(23)

where G = SitG.
Comparing the above equation with that in Einstein gravity, we find that an effec¬
tive energy-momentum tensor appears in the RHS of the above equation. Assuming
a matter-dominated Universe with a characteristic dependence on the scale factor
(i.e., p = po/an) and a local conservation of Tab leads to p = [(n — 3)/3](po/an).
Thus, finally, we have
_ 2 —
RabVaVb =-V-Gp n
-(3GZ 3n(n — l)(n - 4)Gpzn + §nz(n — 4)ka 2pn

4

+ (A2 - 1)

n ~

- R^Gpn

+ I3G*

2

n2(n — 4 )Gp

+4n(n + 2)(n — 4)/ca 2pn

(24)

where A is a constant taking values in (l,oo), va — Ata + y/A2 — lxa and
{^a, xa, ya, za} are eigenvectors of Tfta. The above expression is the modified term
which appears in the RHS of the Raychaudhuri equation for the expansion. It is
thereafter analysed in the context of different values of n and the possibilities of
avoiding the Big-Bang singularity or its inevitable occurrence are pointed out for
different cases.
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We repeat once again that for any modified theory of gravity (e.g. Brans-Dicke,
Einstein-Gauss-Bonnet in higher dimensions, induced gravity, low energy effective
stringy gravity etc.) as long as the Riemannian structure of spacetime is respected,
changes in conclusions related to geodesic focusing can arise only through the mod¬
ified field equations and its use in the convergence condition.

3.2

The Raychaudhuri equation in spacetimes with torsion

The symmetric nature of the affine connection is one of the underlying assumptions
of Riemannian geometry. This fact is also assumed while constructing GR. An
antisymmetric connection may originate from the presence of spin matter fields in
spacetime leading to a transition from the V4 to U4 manifolds [52]. This asym¬
metric part is known as torsion. Generalisation of the theory of gravity in such a
spacetime with torsion was proposed by Einstein-Cartan-Sciama-Kibble (ECSK)
[53]. Absence of any experimental signature of torsion however is the primary crit¬
icism of such models although there has been a renewed theoretical interest in the
context of superstring theories [54] where spacetime torsion appears in the form
of a massless string mode. The third rank field strength of the massless second
rank antisymmetric tensor field of string theory (known as the Kalb-Ramond field)
is identified with spacetime torsion in the low energy limit of the theory. Torsion
also appears naturally in a theory of gravity where twistors are used [55] as well as
in the supergravity scenario where torsion, curvature and matter fields are treated
in an analogous way [56]. It has been shown in several articles [57] that in string
inspired models such a background with torsion results in a departure from the
experimentally predicted values of the well-known phenomena like gravitational
lensing, perihelion precession of planetary orbits, gravitational redshift, rotation
of the plane of polarization of the distant galactic radiowaves etc. All the above
arguments, and several more, compel us to include torsion in any comprehensive
theory of gravity. In the context of geodesic congruences it has further been shown
that the kinematical quantities - shear, rotation, acceleration, expansion and their
evolution equations are modified by the presence of torsion. This naturally leads to
a generalisation of the Raychaudhuri equations in the presence of torsion leading to
a more general understanding of the phenomenon of geodesic focusing. Here we give
a brief review of the work presented in [58] where the role of torsion in modifying
the Raychaudhuri equations and some of its implications have been discussed.
The torsion tensor Tab c which is the antisymmetric part of the affine connection
ra6. is Siven by
Tabc = \ (r'6 - vta) = rfo,

(25)

where a, 6, c = 0,..., 3.
In GR, Tabc is postulated to be zero.
From the torsion tensor one constructs the contortion tensor as
Kabc = -Tabc - Tcab + Tbca = -Ka\.

(26)

This leads to a general expression for the affine connection given as
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rS» =

(27)

,

{cab} - Kabc

where {^} is the symmetric part of the connection (Christoffel symbols). With this
modified connection the commutator of the covariant derivatives of a scalar field 0
is
(28)

V[avb]</> = -Tabcvc(j)]
which is zero in the absence of torsion.
Similarly for a vector va the commutator of the derivative gives
d'
\7[aVb]ve = Rab/vd -2TabaVdvc,

(29)

where the Riemann tensor is defined as
Ra„cd = daTi -

dbTdac

+ rdaertc - YiTlc-

(30)

The contribution of torsion, to the Riemann tensor, is explicitly given through the
following expression:
Rabcd

= tfa6cd({})

- VaKbc d + VbKacd + KaedKbc‘ - KbedKJ,

(31)

where Rabcd({}) is the tensor generated by the Christoffel symbols. The symbols V
and V have been used to indicate the covariant derivative with and without torsion
respectively.
From eq. (31), the expressions for the Ricci tensor and the curvature scalar are

Rab = 7U({}) - 2VaTc + VbKj + KjKbc* - 2TeKJ

(32)

and
R = R({})~ 4VaTa + KcebKbce - 4TaTa

where
Ta = Tabb.

(34)

Ta can be either time-like, space-like or light-like.

3.2.1 Contributions of torsion to shear, expansion, vorticity and acceleration. Be¬
ginning with the behaviour of fluids and moving on to the initial singularity problem
in cosmological models, the Raychaudhuri equations have been shown to be the key
equation to explore the role of torsion in such diverse phenomena [59-62]. In [63] an
inflationary model of the Universe in the context of ECSK theory was considered.
References [64] and [65] addressed the crucial role of Raychaudhuri equation in the
context of a gauge invariant formalism for cosmological perturbations in theories
with torsion. We now explain the kinematical quantities mentioned before, in a
scenario with torsion.
Torsion in a spacetime modifies the definition of kinematical quantities. The
covariant derivative of the four-velocity Ua [16] can be decomposed as
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^a.Ub — dab T ^habQ T uJab

(35)

Uaab,

where hab = gab + UaUb and
0

= \7aUa = 0 - 2TCUC,

(36)

Vab = hcahfv(cud) = <rab + 2hcahdbK{cd)e Ue,

(37)

tiab = hCahbV{cUd] = wab + ‘Rl1JlbR[cd\

(38)

Ue,

and the acceleration
(39)

ac = Ua\7aUc = ac + UaKacdUd.

The quantities without the tilde are the values of the corresponding expressions in
a spacetime without torsion.
3.2.2 The Raychaudhuri equation.

Using the identity for the four-velocity Ua

(iUaUa = -1),
UbVcVbUa = Wc(UbVbUa) - VcUbVbUa

(40)

and from eq. (30)

Rcbadudub - 2UbTabcVdUc

UbVcVbUa = UbVbVcUa +

(41)

we find the equation
1

hca©

T

&ca

+

djca

— Vcda — (

UcOa

1

~

-hcaQ

2
2
+ -@dca + ~@(Dca +
-

~

2dbcCjba

1

T(Jr<7ba T CJcLdba

^ JJc^O>a

UcCl CTba

UqCL 0Jba

1

-RcbadUdUd - 2UbTabc ( -hdcQ + <jdc + a}rfc - Udac

(42)

Contracting the indices in eq. (42), one obtains a general expression for the Ray¬
chaudhuri equation for the expansion, in the presence of torsion as

4 = \7cac - l©2 - aabaab + Cjabuab - RabUaUb
o

-2UbTabd

f

Ik6 +

ad+uad- Udaa ) .

This is the most general form of Raychaudhuri equation for the expansion in
the presence of torsion. Simpler versions of this equation have been discussed in
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[61,62,66,67]. It is obvious that there would be corresponding equations for shear
and rotation too, which we do not mention here. Interestingly, it can be shown that
if we have torsion as a phantom field (a scalar field with a negative kinetic energy
term) through the dual of the third rank tensor field strength of a string-inspired
Kalb-Ramond field, one can get a positive contribution in the RHS of the above
equation, which, in turn, may be useful in eliminating singularities.

4. The equations in diverse contexts

4.1

General relativity and relativistic astrophysics

We have already discussed one of the main uses of the Raychaudhuri equations the geodesic focusing theorem. Though it is an entirely geometric result, its use is
mostly confined to the domain of GR. It is also quite obvious that the null version
of these equations are useful in the study of gravitational lensing. The focal point
in this case is nothing but the intersection of trajectories representing light rays
and is known as the caustic of the bundle of trajectories. The optical scalars (Sachs
scalars) are the quantitites of interest and their evaluation enables us to understand
the nature of the null geodesic flow (light ray bundles). Is there anything else one
can say apart from focusing, which will be relevant for lensing. Some of these issues
have been addressed in [68]. For example, it is possible to rewrite the Raychaudhuri
equation for null geodesics in a form involving the angular diameter distance

Ta-~ 2Rw~2a

’

where (d/dA)lncU — ^0. Thus, for the case of zero shear one can determine dA
entirely in terms of geometry. In [68] the authors have asked the question ‘how do
voids affect light propagation?’ and made use of the above relation to provide an
answer.
A second example within relativistic astrophysics is a study of crack formation
[69,70] using this equation. This is an interesting application, quite unique - but
not pursued much later. The basic question here is - when will a spherical object
develop cracks? Appearance of total radial forces of different signs in different
regions in a perturbed configuration leads to the occurrence of such cracking, which,
in turn leads to local anisotropy of fluid/emission of incoherent radiation. Using
the Einstein and Raychaudhuri equations it is possible to express the net radial
force R (after perturbation) in terms of d0/dA,
, p, gij. In this way a criterion
for cracking can be obtained.
In 1995, Jacobson [71] in a rather unique paper demonstrated how one might
view the Einstein field equation as a thermodynamic equation of state. In this
calculation, Jacobson starts out by arguing that energy flux across a causal horizon
is some kind of heat flow and the entropy of the system beyond is proportional to
the area of the horizon. The heat flux SQ is related to the stress-energy tensor
whereas the area variation is related to the expansion of a bundle of null geodesics.
He then makes use of the Raychaudhuri equation in its linearised form (ignoring the
02 term) to write down the expansion as an integral over the Rijk'ti. Thereafter,
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with the input of the entropy-area relation he arrives at the Einstein equation as
an equation of state. It is important to note here that Jacobson uses the geomet¬
ric content of the Raychaudhuri equation and views it as more fundamental than
the Einstein equation, which, in his approach is a derived relation. Extensions of
Jacobson’s work in the setting of non-equilibrium thermodynamics have appeared
recently [72].
Scattered around the literature, are innumerable instances where the equations
have been used in the context of GR and astrophysics. Prominent among them is its
use in black hole physics - in studying the properties of black holes and in deriving
the laws of black hole mechanics (see [18] and references therein). Apart from
black holes, we mention, en passant, a few other situations which we thought were
interesting: (i) use in a fluid-flow description of density irregularities in cosmology
[73], (ii) quantum gravitational optics and an effective Raychaudhuri equation [74],
(iii) magnetic tension and gravitational collapse [75], (iv) the effective Einstein
and Raychaudhuri equations derived from higher-dimensional warped braneworld
models [76].

4.2

The Capovilla-Guven equations for relativistic membranes

An obvious question, which was never asked till the work of Capovilla and Guven
[77] appeared in the scene is: what happens if we consider a congruence of extremal
surfaces instead of geodesics (extremal curves)? Are there similar Raychaudhuri
equations?
To address this issue, we must first find out how to generalise the notions of
expansion, rotation and shear for the case of a family of surfaces. Unlike a curve, a
surface is parametrised by more than one parameter. Thus, it is natural to imagine
an expansion, a rotation and a shear along each of these independent directions.
Introducing a separate label for the surface coordinates, we find that we now have
0a, E“- and f(here i,j,..., denote the indices representing the normals to the
surface). The relation between the i,j indices and the spacetime indices (say /i, v) is
given through the embedding of the surface. Let us now make things more concrete
and explicit.
Define a D-dimensional surface in a TV-dimensional background through an em¬
bedding xM = x^(£a). Ejf constitute the tangent vector basis chosen such that
g^E^aEub = r]ab (a, b run from 1 to D). n^ are the normals, with
= Su
(z, j run from 1 to N — D). Also g^un^lEua — 0. Kabl are the N - D extrinsic
curvatures (one along each normal direction). The embedded surface is minimal
provided Tr(iG) = 0.
With the above definitions, one can follow the derivation for the case of geodesic
curves and obtain the equation for the generalised expansion (assuming zero values
for Eij and flij):
1
VaOa+Jj—pQa@a+(M2)t=0,

(45)

(M2)] = KabiKabi + R^E^E^n?.

(46)

where
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Note that the above equation is a partial differential equation - the reason being
that we require more than one parameter to describe a surface. Structurally, the
equation is similar to the original Raychaudhuri equation for the expansion - one
can easily note this by comparing the two. However, there are crucial differences one of which involves the appearance of extrinsic curvature terms. It is possible to
rewrite this equation in a second order form by choosing ©a = V aF. We obtain
VaV°F 4- (M2)]F = 0

(47)

which resembles a variable-mass wave equation on a D-dimensional surface with
a non-trivial induced line element. For special cases, one can work out focusing
criteria, although the notion of focusing will be largely different for surface congru¬
ences. For the case of string world-sheets, it is possible to make use of the conformal
character of any two-dimensional line element and rewrite the equation as
^-^ + n2(T,*)(M%F = 0,

(48)

where r, a are the coordinates on the string world sheet and the induced metric is
ds2 = fl2( —dr2 + dcr2).
It can be shown [78] that the criterion for focusing is given as (where 2 R is the
Ricci scalar of the worldsheet):
-2R + R^E^aEwa > 0

(49)

which is a requirement for the function F to have zeros. However, there are many
questions related to focusing of surfaces which remain un-answered. Some of these
have been recently addressed in [79]. Earlier references on examples of solutions of
the Raychaudhuri equations for surface congruences and related issues are available
in [23,24,80].
It must be mentioned here that the above-generalised equation for the expan¬
sion vector field is a subset of a full set of equations which include those for the
generalised shear and rotation too. Moreover, the analysis is entirely for extremal
membranes of Nambu-Goto type. Here too, if the action changes, we find that the
equations change - an example is available in [81].

4.3

Quantum field theory

In recent times, the kinematic quantitites (expansion, shear and rotation), as well
as the Raychaudhuri equations, have appeared, quite unexpectedly, in the context
of quantum field theory. We outline below, some of these scenarios briefly.
4.3.1 The Langevin-Raychaudhuri equation. A couple of years ago, Borgman and
Ford investigated gravitational effects of quantum stress tensor fluctuations [82,83].
They showed that these fluctuations produce fluctuations in the focusing of a bun¬
dle of geodesics. An explicit calculation using the Raychaudhuri equation, treated
as a Langevin equation (ignoring the 02 term by a smallness assumption converts
the Raychaudhuri equation to the form d0/dA = /(A), a Langevin-type equation)
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was performed to estimate angular blurring and luminosity fluctuations of the im¬
ages of distant sources. The stress-tensor fluctuations were obtained assuming the
case of a massless, minimally coupled scalar field in a flat background in a thermal
state. Scalar field fluctuations drove the Ricci tensor fluctuations (via the semiclassical Einstein equations), which, in turn led to fluctuations in the expansion
©. These authors also made some numerical estimates for the quantity AL/L (the
fractional luminosity fluctuation) and pointed out possible astrophysical situations
(gamma-ray bursts, for example), where an observable value of this quantity might
exist. However, it is true that their work has many assumptions (ignoring shear,
rotation as well as the ©2 term) and much further analysis is required to have
a clearer picture of the possibility of actually seeing such effects in the real Uni¬
verse. Nevertheless, the idea, on the whole, is novel and interesting in its own right
and provides us with another application of the Raychaudhuri equation in a very
different scenario.
4.3.2 RG flows in theory (coupling) space. Till now we have been looking at geodesic
flows in spacetime. However, one might also contemplate geodesic flows in fictitious
spaces where a metric is defined. Such spaces may correspond to certain physical
scenarios. We highlight one example here in order to show how ubiquitous the
notions of expansion, rotation, shear and the Raychaudhuri equation are.
For a given Lagrangian field theory, the set of couplings can form a space which
is known as theory/coupling space. A curve in such a space will therefore represent
a flow of couplings. In such a space, we can define a distance function using twopoint functions integrated over physical spacetime. Such a definition of metric goes
back to the well-known Cramer-Rao metric in probability theory and has also been
highlighted in the context of field theory by Zamolodchikov as well as O’ConnorStephens (see [84] and references therein).
Once we have a metric, we can use it to define derivatives of a vector field. The
vector field of interest here is the so-called /9-function vector field, which generates
the RG flow. The covariant derivative of this vector field when split into the usual
trace, anti-symmetric and symmetric traceless parts define the usual expansion,
rotation and shear. However, we also know that the /9-function vector field must
satisfy the conformal Killing condition (this is the geometric form of the RG equa¬
tion). These facts together imply the result that the focal point of the congruence
generated by the /9-function vector field must necessarily be a fixed point (i.e. all
pa (‘a’ labels the coupling space coordinates) vanish there) [84].
This line of thought is useful in obtaining generic results in field theory - the
understanding of shear and rotation in the context of RG flows might provide a
better geometric understanding of RG flows.
4.3.3 Holography, c-function and the Raychaudhuri equation for the expansion. The
holographic principle has recently played a crucial role in our understanding of
quantum aspects of gravity. The principle states that the information of gravity
degrees of freedom in a D-dimensional volume is encoded in a quantum field theory
defined on the (D - l)-dimensional boundary of this volume. As an immediate
realisation of this, it is shown that the renormalisation group flow equation for the /9function of a four-dimensional quantum gauge field theory defined on the boundary
of a five-dimensional volume can be described by geodesic congruences in a scalarcoupled five-dimensional gravitational theory. Such a gauge-gravity duality was
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proposed in a more general framework through the Maldacena conjecture and can
be elegantly described through the renormalisation group equation with the bulk
coordinate (or the holographic coordinate) as the renormalisation group parameter.
It is shown that if the central charge or the c-function in a quantum field theory
evolves monotonically under RG then the holographic principle indicates that in the
corresponding dual gravity in five dimensions, the picture is realised through the
Raychaudhuri equation governing the monotonic flow of the expansion parameter
0 for the geodesic congruences in the gravity sector [85-87]. The central charge
of the boundary theory, or the c-function, is a measure of the degrees of freedom
of the theory. As a consequence it is also a measure of the entropy of the black
hole in the dual gravity sector which is related to the area of the horizon through
the Bekenstein-Hawking formula. The effective central charge is a function of the
couplings of the theory, which monotonically decreases as one flows to lower energies
through the RG equation. The fixed point described by the boundary conformal
field theory corresponds to the extrema of this function. It turns out that the null
geodesic congruences can be used as a probe to decode the holographically encoded
informations.
Consider a D-dimensional spacetime with a negative cosmological constant where
the metric gab is foliated by appropriate choices of constant time surfaces. If we
now focus on a (D — 2)-dimensional spacetime surface M at a fixed time t, then one
may construct a null vector field ma on the light sheets (consisting of spacetime
points scanned by null geodesic congruences) which is orthogonal to M such that
mana = — 1, where na are tangents to the geodesic. The metric on M is given by
hab = 9ab + ri(amh).

(50)

Bab — dD^Ha

(51)

Defining,

such that Bat) = D&Q (Frobenius theorem ensures the symmetry property) and
0 = TYD

(52)

it can be shown from the Raychaudhuri equation for the expansion that the
geodesics converge since,

© < 0.

(53)

The question that arises now is - how is the information on the light sheet encoded
in M? Assuming that the spacetime admits a time-like Killing vector field, we may
visualise the time flow of M to constitute the (D - 2) + 1 = (D - l)-dimensional
boundary of the D-dimensional bulk. The c-function of the corresponding dual
gauge theory sits on the boundary. The RG flow to lower energy scales is then as¬
sociated to the motion along the converging congruences of null geodesics described
by Raychaudhuri equation for the expansion. In this sense, the null geodesics act as
a probe for the dual theory at a lower energy scale. Pictorially, it may be described
as follows. The lower the energy scale, the RG takes us into the gauge theory, deeper
inside the bulk we move along null geodesic congruences following Raychaudhuri
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equation for the expansion. The caustic point where the geodesics meet correspond
to the fixed point of the RG flow. This establishes a remarkable significance of the
Raychaudhuri equation for the expansion in describing the holographic principle.
As described previously the c-function tells us about the degree of freedom of
the system, which, in turn, is related to black hole entropy through the area law.
Therefore, the c-function is naturally related to the area function A(r) as
c(r) = TT

(54)

In the context of the recently developed attractor mechanism [88] in describing
black holes in a scalar coupled gravitational theory, one uses this flow of the cfunction to decode some interesting properties of both supersymmetric and nonsupersymmetric attractors. The Raychaudhuri equation for the expansion once
again plays a crucial role. It is shown that in any spherically symmetric scalar
coupled static asymptotically flat solution, c(r) decreases monotonically as one
moves radially inward from infinity. It is further shown that the minimum value
of c(r) corresponds to the entropy of the horizon [89]. In order to establish the
c-theorem in this context once again the Raychaudhuri equation for the expansion
is used. Taking a congruence of null geodesics, the expansion is given by
din A
dA

(55)

(where A is the affine parameter). Using the null energy condition,
Tabkakb > 0

(56)

and the Raychaudhuri equation, we get
d©
dA

< 0.

(57)

The c-theorem can thus be proved on very general grounds.
In summary, these rather novel applications of the equations in the context of
quantum field theory seems to assert once again the generality and the ubiquitous
nature of the equations.

5. Summary and scope
We have reviewed, in this article, the Raychaudhuri equations and its applications
in diverse contexts. It must be admitted that since its inception, the equations have
used extensively to enhance our understanding of various situations within, as well
as outside the scope of GR. The primary reason behind its wide-ranging applicabil¬
ity is (as emphasised several times in this article) the fact that the equations encode
geometric statements about flows. Since flows appear in many different contexts in
physics, it goes without saying, that the equations will be useful in furthering our
understanding in different ways.
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Among the applications within classical GR, the utility of the equations in under¬
standing the singularity problem, is surely the most prominent one. In astrophysics,
we have quoted the use of the equations in the context of lensing, cracking of selfgravitating objects. At a more fundamental level, Jacobson’s work exploits the
equation and, in some sense, makes use of its geometric nature to arrive at a new
way of looking at the Einstein equations.
On the other hand, in a non-Riemannian spacetime, we have seen how the equa¬
tions change - in particular, in spacetimes with torsion. Torsion appears in disguise
in string theory and is therefore not totally irrelevant today, even though observa¬
tions might have ruled out the Einstein-Cartan-Sciama-Kibble theory long ago.
Furthermore, what has come as a pleasant surprise in recent times, is the utility of
these equations (and the quantities that appear in the equations: expansion, shear
and rotation) in the context of quantum field theory. In addition, the generalisation
of these equations to surface congruences is also an interesting development, despite
the fact that not much has been done on such generalised Raychaudhuri (CapovillaGuven) equations.
Despite the large body of work on or based on the Raychaudhuri equations, there
still remain many unanswered questions. In conclusion, we list a few of them. The
choice is surely biased by our own perspective.
(a) Normally, in fluid mechanics, the independent variable is the velocity field.
The Raychaudhuri equations are for the gradient of the velocity field - they are
one derivative higher. We mentioned before that they are essentially identities and
become equations when we choose a geometric property (e.g. vacuum, Einstein
space etc.) or use Einstein’s field equations of GR. Is it possible to set up and solve
the initial value problem for this coupled system of equations such that we know
the characteristics of a geodesic flow in a given spacetime geometry once we specify
the initial conditions on expansion, shear and rotation? Similar analysis is done
while deriving the focusing theorem but can we do it by analysing the full system
of equations analytically/numerically. Following this approach one might be able
to reconstruct the gradient of the velocity field and also obtain the velocity field
itself.
(b) In the context of RG flows, is it possible to understand the role of shear and
rotation and use it to improve our geometric analysis of such flows?
(c) For surface congruences, can we obtain equations for families of null surfaces?
Or, for surfaces defined by the extremality of actions other than Nambu-Goto
(rigidity corrections, Willmore functionals etc.)?
(d) In quantum mechanics, we talk about the flow of probability. Imagining this
as a fluid, can we obtain expansion, rotation and shear of such flows and then write
down conclusions based on the corresponding Raychaudhuri equations?
(e) Electrodynamics, is, after all, the physics of the electric and magnetic vector
fields. Suppose we construct the gradient of the electric/magnetic fields, split it up
into expansion, rotation and shear and write down Raychaudhuri equations for the
so-called Faraday lines of force! What does such an analysis tell us?
To sum up, we would like to conjecture that wherever there are vector fields de¬
scribing a physical/geometrical quantity, there must be corresponding Raychaud¬
huri equations. We believe that there are many avatars of the same equations, of
which, till today, we are aware of only a few.
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Abstract.

Basic features of dynamical black holes in full, non-linear general relativity
are summarized in a pedagogical fashion. Qualitative properties of the evolution of various
horizons follow directly from the celebrated Raychaudhuri equation.
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1. Introduction

Ever since the mid-seventies when I first came across Professor Raychaudhuri’s
work, I have admired his remarkable creativity and his deep insights into the unique
interplay between mathematics and physics that underlies general relativity. I
met him only on a few occasions at conferences. Although these encounters were
brief, like many others I was immediately struck by his simplicity, earnestness and
above all his passion for science. Last year I also had the good fortune of seeing
the documentary on his life made by IUCAA and Vignan Prasar. Through it
I developed a better understanding of how he lived, where he taught and what
inspired him. My admiration for this remarkable scientist has grown even further.
There is a large body of physicists he molded both through his physics lectures and
by the way he lived. It is easy to understand the unusually deep reverence they
have always expressed. Personally, it is an honour and a pleasure to contribute to
this volume.
Discussions of Professor Raychaudhuri’s contributions to general relativity - es¬
pecially of his celebrated equation - generally emphasize singularity theorems and
cosmology. This is true, for example, of the excellent documentary I just mentioned.
However, the Raychaudhuri equation has also had a deep impact on black hole
physics. Perhaps the reason why this aspect is not as widely known is that much of
the literature in this area has focused on properties of stationary black holes. But
in Nature, black holes are rarely in equilibrium. They grow by swallowing stars
and galactic debris as well as electromagnetic and gravitational radiation. These
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processes are generally modelled using perturbations of Kerr solutions. However,
to understand how black holes form and grow in violent astrophysical processes
including mergers, one must consider the dynamical regime of the full, non-linear
general relativity. And it is here that one can see the Raychaudhuri equation in ac¬
tion, as it elegantly determines the qualitative features of the formation and growth
of horizons in exact general relativity.
In the rest of this section, I will set the stage by briefly recalling the Raychaudhuri
equation for null congruences. In §2, I will discuss event horizons and in §3, quasi¬
local horizons.
Fix a 4-dimensional space-time (A4,gab) and a closed, space-like 2-surface S in it.
At each point of S there are exactly two future pointing null normals to it, generally
denoted by ia and na. Consider the 3 surfaces JV± spanned by null geodesics
tangential to ia and na. In a finite neighborhood of S, these null geodesics will not
develop caustics. Let us restrict ourselves to this neighborhood so that Af± can be
taken to be smooth 3-surfaces. By construction they are null. Physically, one can
think of them as follows. Let us suppose S is illuminated just for an instant. Then
Af± are spanned by the resulting light fronts. If (M,gab) were Minkowski space, for
example, cross-sections of Af+ would represent the outgoing, expanding light fronts
and those of Af~ the ingoing, contracting ones.
In what follows we return to general space-times. For definiteness, let us focus
on ta and (with a slight abuse of terminology) denote the geodesic congruence
obtained from it also by ia. If v denotes the affine parameter along the null geodesics
tangential to £a, and if we set v = 0 on 5, then 2-surfaces Sv defined by v — const
are diffeomorphic to S and represent the evolution of S along Af+. We will refer
to these Sv as cross-sections of Af+. Next, let us denote by qab the projection
operator into the tangent space of Sv. Thus qab£a = 0, qabria — O' and qbta — tb for
all vectors tangential to Sv. qab — qam9bm is the intrinsic metric on Sv of signature
+, +. While the discussion of this section can be readily extended to more general
null congruences which may not emanate from a closed 2-surface 5, this slightly
restricted case makes the discussion more intuitive.
Since ia is a geodesic vector field, its acceleration ta\Jaib vanishes. Also, since
ta is the null normal to a 3-surface, if the surface is specified by / = const, then
ta ex Va/, whence V[a4] = Vjah] for some 1-form field Va. Therefore
Uab := qamqbn V[m4] = o.

(l)

The tensor field (jjab is called the twist of £a. Geometrically, its vanishing is the
necessary and sufficient condition that the null geodesic congruence ia is surface¬
forming. Physically, this can be interpreted as saying that the light rays represented
by ia have no ‘rotation’. Since uab — 0, the projection of Va4 into Sv is symmetric.
Our null congruence ia has no acceleration or twist. The remaining two fields
constructed from its derivatives are called expansion and shear. The expansion O
is defined as

© =

qab Va4 ■

■

(2)

As the name suggests it captures the rate of increase of the area of cross-sections Sv
of Af+. More precisely, denote by eab the area 2-form on cross-sections Sv (defined
by 2-metrics qab). Then d (lab - 0lab- Hence if at all we consider a small area
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element A of Sv any point p of J\f and follow it along the geodesic flow generated
by £a, we have © = (l/A)(dA/dv).
While the expansion is obtained by taking the trace of the projection of Va£b
into 5, the shear is obtained by taking the trace-free part.

°ab = qamqbn^m^n ~ ^© <7a6-

(3)

Again as its name indicates crab represents how the cross-sections Sv are sheared
with respect to one another. The amount of shear on a cross-section Sv is a heuristic
measure of the flux of gravitational radiation across it [1,2].
Since we know ta only on the 3-surface A7+, its directional derivatives taVah
are well-defined only when ta is tangential to J\f+. All these are captured in the
acceleration, the twist, expansion and shear. Finally, note that to calculate the
twist uab, the expansion © and the shear aab of a cross-section Sv, one only needs
to specify the vector field ta on that cross-section* 1. This fact will be important
especially in §3. These three quantities are sometimes referred to as the optical
scalars associated with the null congruence ta.
With these preliminaries out of the way, we can now introduce the Raychaudhuri
equation for the null congruence introduced above. Having defined the optical
scalars, a natural question is how they ‘evolve’ along the given null congruence and,
in particular, which properties of space-time curvature feature in these evolution
equations. For our purposes, it will suffice to restrict ourselves to the evolution of
©. We have (see, e.g., [3,4]):
^Ervo0=-|e2- Oab<yab - Radaib ,
av
2

(4)

where Rai is the Ricci tensor of the space-time metric gai. This is the Raychaudhuri
equation for our (twist-free) null congruence. Matter fields one normally uses in
general relativity satisfy the null energy condition: Tat,kakb > 0 for all null vector
fields ka. In this case, we automatically have Rab£a£b > 0. Thus, remarkably, in
physically interesting situations, the right side is negative definite. This property
of null congruences has an extremely rich set of physical consequences, making
Raychaudhuri equation a key element in the investigation of a variety of strong
field phenomena in general relativity. In the next two sections we will see examples
of this striking interplay between geometry and physics.
To conclude this section, I would like to note a simple - but surprisingly powerful
- consequence of the Raychaudhuri equation. The idea is to exploit the fact that
in physically interesting cases, we have

1For pedagogical simplicity, I introduced Af+ using geodesics emanating from a crosssection S. If we are given only a null surface Af+ and a specific choice of its null normal
ia, the optical scalars can be defined at a point p of J\f+ by choosing just a 2-dimensional,
space-like subspace of the tangent space of A/*+ at p\ global cross-sections Sv are not
needed.
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d©-1 ^ 1

S + 59^0

^

dv

(5)

~ 2'

Therefore, if the initial value 0O is negative, i.e., the congruence ia is initially
converging, we immediately have 0(u) < —2/[2|@“1| — v]. Thus, O(v) must diverge
in an affine parameter v < 2/|0o|. This is a rather trivial mathematical consequence
of (4), obtained just by solving an ordinary differential equation. However, it has
a multitude of very interesting consequences.

2. Event horizons

To capture the intuitive notion that a black hole is a region from which signals
cannot escape to the asymptotic part of space-time, one needs a precise definition
of future infinity. The standard strategy is to use Penrose’s conformal boundary
X+ [5]. It is a future boundary: No point of the physical space-time lies to the
future of any point of X+. It has topology
x E and it is null (assuming that
the cosmological constant is zero). In Minkowski space-time, one can think of X+
as the ‘final resting place’ of all future directed null geodesics. More precisely, the
chronological past I~(X+) of X+ is the entire Minkowski space2.
Given a general asymptotically flat space-time (A4,gab)i one first finds the
chronological past I~(X+) of X+. If it is not the entire space-time, then there
is a region in (M,gab) from which one cannot send causal signals to infinity. When
this happens, one says that the space-time admits a black hole. More precisely,
black-hole region B of (A4,gab) is defined as
B = M\I-(X+),

(6)

where the right side is the set of points of M which are not in I~(X+). The
boundary dB of the black hole region is called the event horizon and is denoted by
£ [6]. I~(X+) is often referred to as the asymptotic region and £ is the boundary
of this region within physical space-time3. I would like to emphasize that these
notions use only asymptotic flatness and causal structure of the physical spacetime. Since we have not introduced a Killing vector anywhere in the discussion,
there is no restriction to stationarity. In particular, the event horizon £ is not the
set of points at which some Killing vector becomes null. Logically, it is distinct
from the Killing horizon even when a Killing vector exists4.

2I~{X+) is the set of all points in the physical space-time from which there is a future
directed time-like curve to a point on X+ in the conformally completed space-time. The
term ‘chronological’ refers to the use of time-like curves.

A curve which is everywhere

time-like or null is called ‘causal’.
3By a time reversal, i.e. by replacing Z+ with X~ and I~ with /+, one can define a white
hole region W. However, here I will consider only black holes.
4The only general relation between Killing vectors and event horizons is that if gab does
admit a Killing vector, it must necessarily be tangential to £.

This follows from the

fact that, since the event horizon is determined solely by the space-time metric, it is left
invariant by every isometry of gab-
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If a black hole region B exists, there are several a priori possibilities. A space-time
may contain a single black hole while another may contain multiple black holes. At
first glance one would also expect that one or more black holes may coalesce to
form a single black hole in the distant future or a single black hole may bifurcate,
giving rise to multiple black holes in the future. To obtain a precise formulation
of these ideas and analyse if these possibilities are actually realised, one has to
consider space-times in which there is a well-defined representation of ‘instants of
time’.
An appropriate notion is that of a Cauchy surface defined as follows: A 3dimensional sub-manifold M of M. is said to be achronal if no two points on it
can be joined by a causal curve. A Cauchy surface M is an achronal sub-manifold
of (M,gab) such that every inextendible causal curve in (M.,gab) intersects M once
and only once. A Cauchy surface represents ‘an instant of time’. A space-time
which admits a Cauchy surface is said to be globally hyperbolic. In such spacetime, it is possible to predict the entire future and past using information specified
only on the Cauchy surface M. Finally, a globally hyperbolic space-time can be
foliated by a family of Cauchy surfaces, each representing an instant of time.
Fix a globally hyperbolic space-time (M,gab)- Suppose it admits a black hole
region B. The intersection of B with a Cauchy surface M may have several disjoint
components. Each then represents a separate black hole at that instant of time.
With this general framework at hand, we can now ask for dynamics of black holes.
How do they evolve? Can black holes merge? Can they bifurcate? If M' is a Cauchy
surface to the future of M, one can show that the number of disjoint components of
M' D B in the causal future of M H B must be less than or equal to those of M n B
[3]. In this sense, then, black holes can merge but cannot bifurcate.
The next question one can ask is that of time evolution of the event horizon
E. Here, there is a striking result due to Hawking [3,6,7] which brought out an
unforeseen relation between general relativity and thermodynamics. He showed
that, under time evolution, the area of the event horizon cannot decrease. The
horizon area is thus analogous to entropy. The Raychaudhuri equation discussed
in §1 lies at the heart of this result and is thus an integral part of the foundation
on which the rich literature on black hole thermodynamics rests.
Let (Ai,gab) admit a black hole region B. As noted above, the event horizon
E is a null 3-surface. Let us suppose that we can introduce a local coordinate
v such that a small piece of E is given by v = const. Set ia — Vau. Then
ta is normal to E and, since E is null it is also tangential to E. By definition,
V[ah] = 0 and, on £, tata — 0. Hence for any vector field ta tangential to E, we
have tbiaSJah — tbiaVbh = (1/2) tbVb£ -1 = 0. Thus ta is a geodesic vector field.
While this explicit and pedagogical argument assumes the existence of a function
v with certain properties, this assumption is not necessary (and is not satisfied by
the portion of E depicting a merger). Using general facts about causal structure
one can show that E is a null 3-surface, ruled by future inextendible null geodesics
whose expansion cannot become infinite at any point of E [3,4,6].
As in §1, let us denote the expansion of ia by ©. As we saw, an immediate
consequence of the Raychaudhuri equation (4) is that if 0 were to become negative
at a point p of W, it would become infinite within a finite affine parameter on the
null geodesic through p. From the property of E just mentioned, this cannot happen
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if geodesics generated by ta are assumed to be complete [7]. Under this assumption
then 0 must be non-negative everywhere on N. Now suppose a cross-section S-2
of £ is to the future of a cross-section Si. Then, because of the relation between
the expansion 0 of £a and area elements of cross-sections discussed in §1, we must
have as2 > as1. Thus, in any dynamical process the change A a in the horizon
area is always non-negative. This result is known as the second law of black hole
mechanics. It is analogous to the second law of thermodynamics, the horizon area
playing the role of entropy. Note however that the black hole is not treated as
a closed system and, in the context of classical relativity considered here, area is
defined without reference to any coarse graining.
This argument, originally given in [7], assumes that the geodesics ruling the event
horizon are complete. This assumption can be replaced by another with direct
physical interpretation [3,6]. Heuristically the new assumption is that there are no
naked singularities in the asymptotic region I~(Z+). More precisely, one assumes
that there M. admits a globally hyperbolic region containing I~(Z+) U £. Now
suppose that 0 becomes negative on some cross-section S of £. Then, there exists
a slight outward deformation S' of S which lies in the asymptotic region I~(l+)
on which 0 is negative. Now one can again use the Raychaudhuri equation and
properties of I~(Z+) to arrive at a contradiction. Thus, 0 must be non-negative
on £. The argument of the last paragraph now implies the second law of black hole
mechanics.
To summarize, the Raychaudhuri equation is a key ingredient in the derivation
of the result that the area of the event horizon cannot decrease as it ‘evolves to the
future’.

3. Quasi-local horizons

3.1 Limitations of the notion of an event horizon
Event horizons and their properties have provided considerable insight into the
dynamics of black holes. However, the notion has two severe limitations.
First, while the notion neatly encodes the idea that asymptotic observers cannot
‘look into’ a black hole, it is too global for many applications. For example, since it
refers to null infinity, it cannot be used in spatially compact space-times. Clearly,
one should be able to analyze black hole dynamics also in such space-times. Asym¬
ptotic flatness and the notion of Z+ is used also in other contexts, in particular to
discuss gravitational radiation in full, non-linear general relativity [5,8]. However,
there
is used to facilitate the imposition of boundary condition and make no¬
tions such as ‘l/rn-fall-off’ precise. Concepts such as the ‘Bondi-mass’ and explicit
expressions, e.g., of fluxes of gravitational energy across Z+ are completely insensi¬
tive to geometry in the space-time interior. Situation with event horizons is quite
different because they refer to the full chronological past of Z+. As a consequence,
by changing the geometry in a small - say Planck scale region - around the singu¬
larity, one can change the event horizon dramatically and even make it disappear
[9]! And there is no reason to trust the space-time geometry provided by classical
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general relativity very close to the singularity. These considerations cast a long
shadow on the physical meaning and relevance of event horizons.
Second, the notion is teleological; let us speak of a black hole only after we have
constructed the entire space-time. Thus, for example, an event horizon may well be
developing in the room you are now sitting in anticipation of a gravitational collapse
that may occur in this region of our galaxy a million years from now. Clearly, when
astrophysicists say that they have discovered a black hole in the center of our galaxy,
they are referring to something much more concrete and quasi-local than an event
horizon.
Because of these features, the notion of an event horizon is often not so useful in
practice. A striking example is provided by numerical simulations of gravitational
collapse leading to the formation of a black hole, or, of binary black holes which
merge. Here the main task is to construct the space-time describing black hole
dynamics. As one evolves initial data, one needs to know, at each time step, if a
black hole has formed and, if so, where it is. Since space-time is the end-product
of this procedure the event horizon cannot be located even in principle until after
the simulation is complete. This teleological nature of the event horizon makes
it totally unsuitable to detect black holes during these simulations. One needs
another, quasi-local notion that can sense the presence of the black hole at each
time step and home-in on its approximate location.
Finally, let us return to Hawking’s area law discussed in the last section. Because
of its similarity to the second law of thermodynamics, it has been extremely influ¬
ential in fundamental physics. However, it is only a ‘qualitative’ result; it does not
provide an explicit formula for the amount by which the area increases in any given
physical process. One might hope that the change in area is related, in a direct
manner, to the flux of matter fields and gravitational radiation falling into the black
hole. Although this expectation seems natural on physical grounds, it is impossible
to establish such a result for event horizons. For, the event horizons E can form
and grow in a flat region of space-time in anticipation of a future collapse. In this
region, its growth occurs even though there is absolutely nothing falling across E.
This is not just a qualitative idea but can be readily realized in general relativity.
An explicit example is provided by the Vaidya solution where a spherically sym¬
metric null fluid falls in from past null infinity X~ and collapses to form a black
hole (see figure 1). In the distant past, before the in-fall has begun, space-time is
flat and, if the in-fall lasts only for a finite time, in the distant future it is isometric
to the Schwarzschild space-time. In between is the dynamical region during which
the black hole forms and grows in mass. As figure 1 shows, the event horizon first
forms and grows in the flat part of the space-time.
These considerations motivate the introduction and analysis of alternate, quasi¬
local notions to describe the non-linear dynamics of black holes. The rest of this
section will be devoted to this task.

3.2 Marginally trapped surfaces and tubes
Since analytical solutions to Einstein’s equations encoding dynamical black holes
are only handful and represent idealised situations, bulk of the work in this area
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Figure 1. Black hole formation through the gravitational collapse of a null
fluid.

The figures show Penrose diagrams of Schwarzschild-Vaidya metrics

for which there is no incoming radiation from

for retarded time v < 0.

Space-time is flat in the past of v = 0 (i.e., in the shaded region). In figure (a),
the incoming flow stops at a retarded time v — vQ. Space-time is isometric to
the Schwarzschild space-time to the future of v = vQ. The space-like dynamical
horizon H and the event horizon E meet tangentially at v = v0- In figure (b)
the incoming radiation continues till v = oo (but tapers off so that the total
incoming energy is finite). Thus, the energy flux into the black hole mimics
a more realistic collapse. The space-like dynamical horizon H, the null event
horizon E and the time-like surface r = 2MQ (represented by the dashed line)
all meet tangentially at i+.

In both figures, the event horizon originates in

the shaded flat region while the dynamical horizon exists only in the curved
region.

uses numerical techniques. Let me begin by sketching the standard procedure used
in these simulations to get out of the quandary described in §3.1.
The first notion we need is that of marginally trapped 2-surfaces. In §1 we saw
that if we instantaneously illuminate a compact, space-like 2-surface S in Minkowski
space, there are two light fronts: the outgoing ones sweep out an expanding null
surface Af+ and the ingoing ones sweep out a contracting null surface N~. As
before, let us use the convention that la are the outgoing ones, future directed null
normal to S and na the ingoing ones. Further, let us now normalize these vectors by
demanding tana — —2. Since ia is normal to light fronts which are expanding, its
expansion is positive (@(£) > 0) and since na is normal to contracting light fronts,
its expansion is negative (0(n) < 0). Since light can escape from S to infinity, S is
said to be untrapped. In Minkowski space, every 2-surface S is untrapped.
By contrast, black hole is a region from which light cannot escape. In this case,
both light fronts would be ingoing, i.e. expansions of both null normals would be
negative. This leads us to the first definition. A compact 27surface S in a spacetime (M,gab) is said to be (outer) trapped if 0(n) < 0 and 0^ < 0. The limiting
case - which separates the trapped and untrapped 2-surfaces - occurs when the
outgoing normal £a has zero expansion while the ingoing normal na has negative
expansion, as usual. This brings us to the notion we set out to define. A compact
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2-surface S is said to be (future, outer) marginally trapped if 0^ = 0 and 0(nj < 0
on it5.
Note that notions of trapped and marginally trapped surfaces are quasi-local.
They do require us to distinguish between outgoing and incoming normals. But
apart from this qualitative property, the notions refer only to geometry in the
immediate neighborhood of S. They do not depend on asymptotic flatness, causal
structure or, indeed, any property of the rest of the space-time. Thus, unlike the
event horizon, these notions are neither global nor teleological. In particular you
can be rest assured that there is no trapped or marginally trapped surface in the
room you are now working in.
The idea in numerical simulations is to track the dynamics of black holes by
following the evolution of marginally trapped surfaces. One generally uses the initial
value formulation of Einstein’s equations which can be summarized as follows. Let
us consider just source-free general relativity since inclusion of sources does not add
new conceptual elements. Fix a 3-manifold M, topologically R3. The initial data
for general relativity consists of a pair (qab,Kab) on M where qab is a metric of
signature +,+,+ and Kab is a symmetric tensor field. These fields have to satisfy
constraints - the time-time and space-time components of Einstein’s equations.
In numerical simulations this is typically ensured using elliptic solvers (since the
constraints are elliptic equations). The space-space part of Einstein’s equations
are then used to evolve these data numerically. The result is a 1-parameter family
of pairs (qab(t), Kab{t))- Next, consider the 4-manifold M.
M x R which, by
construction is naturally foliated by copies of M, denoted Mt, each representing an
‘instant of time’. The existence and uniqueness theorems for Einstein’s equations
imply that there is a 4-metric gab on M of signature — ,+,+,4- such that each Mt
is a Cauchy slice of (M.,gab) with qab(t) as its positive definite metric and Kab(t)
its extrinsic curvature.
To implement this procedure in the black hole context, one must first identify in
the initial data one or several black holes. As I emphasized before, one cannot use
the notion of the event horizon because its definition is teleological. The idea is
to use the quasi-local notion of marginally trapped surfaces. But even this strategy
seems difficult at first. For, as we just saw, the notion refers to the expansions
and 0(n) of null normals and these quantities seem to require the knowledge of the
space-time metric which one does not yet have. However, it turns out possible to
recast the definitions using just the Cauchy data. Let us first consider a space-time
(M,gab) with a Cauchy slice M admitting a marginally trapped surface S. Then,
if ta denotes the unit time-like normal to M and fa the unit outward normal to S
within M, we can express the two null normals as ia — ta + fa and na = ta — fa.
Then, using the definition of
and 0(n) and the expressions
Kab = qamqbn Vmtn

and

Kab = qamqbn Vmfn

(7)

5I have included the parenthetical adjectives ‘future’ and ‘outer’ to facilitate comparisons
with the more detailed discussions of [10-15].

They can be ignored for the rest of this

article.
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of the extrinsic curvature Kab of M in A4 and of the extrinsic curvature Kab of S
in M it follows immediately that
0(0 = qab(Kab + Kab) = K- fafb Kab + K,

(8)

0(n) = qab(Kab - Kab) = K- fafb Kab - K.

(9)

Therefore, given the Cauchy data (M, qab,Kab), it is possible to search for 2-surfaces
S on which 0(£) = 0 and 0(n) < 0. In practice one restricts oneself to the physically
interesting case of 2-surfaces which are topologically S2. There may be one or
more such surfaces on M. Each is taken to represent a black hole at the ‘initial
instant of time’ represented by M. As explained above, evolution produces a 1parameter family of Cauchy slices Mt and Cauchy data thereon. One then searches
for marginally trapped surfaces on each Mt. Efficient numerical programs - called
apparent horizon finders - are available to find these surfaces (see [16] and references
therein). The 3-dimensional world-tubes obtained by ‘stacking’ these marginally
trapped 2-surfaces depict the dynamical evolutions of interest.
This brings us to the next definition. A marginally trapped tube M is a 3dimensional sub-manifold (possibly with boundary) of (M,gab) which admits a
foliation by marginally trapped surfaces S. Note that this definition does not refer
to a space-time foliation, i.e., does not require that M be generated by a Cauchy
evolution. The marginally trapped tube is a 3-dimensional sub-manifold in its own
right. This abstraction removes the excess baggage and makes the notion concep¬
tually simpler to use [2,11,12,15] (see §3.3). However, the marginally trapped tubes
that arise in numerical relativity do result from space-time foliations as explained
above.
Are there any constraints on the marginally trapped tubes that a space-time
can admit? These would provide insights into how black holes evolve in full general
relativity. The first natural question is: What is the signature of the intrinsic metric
on these tubes? Are they time-like, null or space-like? One’s first impulse would
be to say that they must be time-like because they are obtained by time evolution
of space-like 2-surfaces S. However, this expectation is too naive. Take Minkowski
space and consider the null cone C of a point p or the ‘mass-shell’ H based at p
(i.e. spanned by all position vectors X relative to p satisfying X • X = — 1). If we
slice Minkowski space by t — constant planes, we obtain a foliation of C and H by
2-spheres, which can be thought of as related by time evolution. Yet, C is null and
H is space-like. Similarly, marginally trapped tubes can have any signature (see
figure 2).
In fact the signature is determined by a mixture of physics and geometry through
the Raychaudhuri equation. Let M be a marginally trapped tube in (M,gab) and
denote by Va a vector field which is tangential to M and everywhere orthogonal
to its foliation by marginally trapped surfaces 5 and which furthermore preserves
this foliation. Since Va is orthogonal to the leaves 5, there exists a function /
such that Va — ia — fna. Since t • n =? — 2 we have V ■ V = 4/. Therefore M is
respectively, space-like, null or time-like, depending on whether / is positive, zero
or negative. Now, the definition of Va immediately implies Cy O(^) — 0, whence,
@(*) — f£n ©(*)• Therefore, the Raychaudhuri equation (4) for ia implies

86

Pramana - J. Phys., Vol. 69, No. 1, July 2007

Black hole dynamics in general relativity

fCn @{e) = -qabqmnCJam°bn ~ Rab^t,

(10)

where, as before, crai is the shear of ia (and la is extended off 5 using the geodesic
equation to evaluate £n0^). Because the right side is negative definite, this equation
can be used to determine the sign of / and hence the signature of M [10].
The shear term is a measure of the energy carried by gravitational waves across
M [1,2]. Similarly, through Einstein’s equation, the second term on the right-hand
side of (10) can be interpreted as a measure of the flux of matter energy across
M [1,2]. (In both cases, ‘energy’ is defined with respect to £a.) Thus, / vanishes
- i.e., M is null - only if there is no flux of matter or gravitational energy across
M. Such a null marginally trapped tube is called a non-expanding horizon [12,17].
As the name suggests, in this case the area of any cross-section S of M is the
same; the horizon does not expand or contract. The null normal £a to 2-spheres
S is now also tangential to M. It is easy to show that the intrinsic metric on
M (of signature 0,+,+) is Lie dragged by £a. Thus the intrinsic geometry of the
marginally trapped tube is ‘time independent’, whence the tube represents a black
hole in equilibrium. In every stationary black hole space-time the event horizon
£ is a non-expanding horizon. (Because of stationarity we are trivially spared of
teleology.) However, there also exist more general examples. A class of RobinsonTrautman metrics provides an instructive illustration [18]. This space-time admits
a non-expanding horizon but the space-time is dynamical and carries gravitational
radiation in every of its neighborhoods, although none falls across the horizon!
This example illustrates how surprising features can arise even in exact solutions.
Non-expanding horizons also emerge as the future asymptotic limits in situations
which are of direct physical interest. When black holes form through gravitational
collapse, or pre-existing black holes merge, the marginally trapped tube asymptotes
to a non-expanding horizon in the distant future [2,12]. In numerical simulations,
this limit is reached rather rapidly [14] because the back-scattered radiation quickly
becomes so small that it is indistinguishable from zero within numerical precision.
Finally, the vanishing of right side of (10) is only a necessary condition for M to
be a non-expanding horizon because so far we have allowed for the possibility that
itself may vanish. However, in numerical simulations one does not consider
all mathematically viable possibilities but restricts oneself to physically interesting
situations. In all simulations I am aware of the condition that has also proved to
be sufficient: The marginally trapped tubes become null as soon as the right side
of (10) vanishes.
If the right side of (10) is non-zero, on the other hand, M can be either time-like
or space-like. Since the right side is negative definite, the sign of / is determined
by whether
> 0 or CnQ^) < 0. In the first case, an infinitesimal inward
deformation along na of the marginally trapped surfaces S on M would produce
an untrapped surface while in the second case it would produce a trapped surface.
If M is time-like, it is called a time-like membrane (TLM). In this case M does
not have the connotation of a horizon because light can travel from either of its
sides to the other. If M is space-like, it is called a dynamical horizon. Both these
possibilities are realized in numerical simulations [13,14].
The general situation is captured in a recent mathematical existence result [19].
Let (M,gab) be a globally hyperbolic, smooth space-time on which the null energy
condition holds. Let a Cauchy surface M admits a marginally trapped surface S
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Figure 2. H is a dynamical horizon, foliated by marginally trapped surfaces
S.

ra is the unit time-like normal to H and ra the unit space-like normal

within H to the foliations.

Although H is space-like, motions along ra can

be regarded as time evolution with respect to observers at infinity.

In this

respect, one can think of H as a hyperboloid in Minkowski space and 5 as
the intersection of the hyperboloid with space-like planes. In the asymptotic
future H joins on to a non-expanding horizon A, mimicking the situation in
numerical relativity.

at which the right side of (10) is non-zero. Suppose furthermore that S is stable
in the sense that there exists an infinitesimal outward deformation which makes S
untrapped. Then, S ‘evolves’ to a marginally trapped tube M which is space-like (at
least) in a neighborhood of S. Note that this conclusion is arrived at assuming only
‘stability’ which, in practice, is substantially weaker than the condition CnQ^ < 0
referred to above. In particular, even when the right side of (10) is non-zero on
a small portion of the 2-sphere S, M is guaranteed to be space-like ‘all the way
around’ in a neighborhood of S (including the region where the right side may
vanish).
In numerical simulations the following behavior has been observed [13,14].
Marginally trapped tubes appear to be smooth. In a gravitational collapse of a
star, there are no marginally trapped surfaces in the distant past. Suppose the first
marginally trapped surface appears on the Cauchy surface M0 corresponding to
t = tQ. Then in its immediate future, the marginally trapped tube has a cusp - or,
an ‘(J shape’ - each point of [J denoting a marginally trapped 2-sphere. As time
evolves, the outer branch expands and the inner branch contracts. Both branches
are space-like to begin with. The outer branch remains space-like - i.e., is a dy¬
namical horizon - and asymptotes to a non-expanding horizon in the distant future.
For black hole dynamics, this is the physically interesting component. The inner
branch becomes time-like - i.e., a time-like membrane - after a while. While its
time-evolution is interesting in its own right, as mentioned above, it is not of direct
significance for black hole dynamics. In black hole mergers, in the asymptotic past
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when the black holes are very far apart there are two distinct marginally trapped
tubes which are null. They become space-like as the black holes approach each
other. On some Cauchy surface M0 a new marginally trapped surface forms enclos¬
ing the two distinct ones. The evolution of this common marginally trapped tube
follows the same steps as the marginally trapped tube formed in a gravitational
collapse, described above. In particular, the physically interesting outer branch of
the tube is a dynamical horizon and it asymptotes a non-expanding horizon in the
distant future.

3.3 Dynamical horizons
Discussion of §3.2 suggests that a quantitative handle on black hole dynamics can
be obtained by examining the evolution of dynamical horizons in detail. This task
is now being carried out in some detail in numerical simulations. In particular,
programs are now available to monitor the change in the multipole moments [20] of
the horizon geometry and analyze their approach to the asymptotic values corre¬
sponding to the Kerr horizon [14]. In this section I will conclude with an analytical
result. We saw in §3.1 that while Hawking’s theorem tells us that the area of the
event horizon £ cannot decrease, the teleological nature of £ makes it impossible to
relate the growth to the matter and gravitational waves falling into the black hole.
Dynamical horizons on the other hand are well suited to obtain such a relation.
Since we seek a quantitative relation, the Raychaudhuri equation will no longer
suffice. Now we have to use Einstein’s equations in detail.
Let us begin by fixing notation. Let (A4,gab) be a space-time satisfying the
dominant energy condition. Thus, given any future directed causal vector Ka, the
stress-energy Tab is such that —TaiVb is also a future directed causal vector. Let hi
be a dynamical horizon, foliated by marginally trapped surfaces S. One can show
that the foliation is unique [21 . Let qab and qab denote the projection operators
on the tangent spaces to hi and S respectively, f a the unit future pointing normal
to hi and ra the unit outward normal within hi to the marginally trapped surfaces
S. We first note an immediate consequence of the definition. Since 2ra = ia — na,
© (£) = 0 and 0(n) < 0 on each 5, it follows that

k

=

qabDah

=

\ qabVa(h

- nb) > 0,

(11)

where D is the intrinsic derivative operator on hi, compatible with q^. Since
the trace K of the extrinsic curvature of 5 measures the rate of change of its
area along ra, (11) implies that the area of marginally trapped surfaces increases
monotonically. This is the dynamical horizon analog of Hawking’s area law for
event horizons. A more non-trivial task is to obtain an explicit expression for the
change of area.
For this one has to use constraints - i.e., the time-time and space-time parts
of Einstein’s equations - on hi. Consider the portion A hi of hi bounded by two
marginally trapped surfaces S\ and S-2- A series of rather straightforward manipu¬
lations of constraint equations leads to a surprising relation [2]:
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Here (a = qamrbX7b£a is a vector field tangential to 5; R is the ‘area-radius’, the area
as of any marginally trapped surface being given by as — 4?rR2] and N = \DR\.
Equation (12) provides an explicit, quantitative formula, relating the area change
to processing happening at R. The striking feature of (12) is that the integrand of
each term on the right side is positive definite.
Let us now interpret the various terms appearing in this equation. The left side
gives us the change in the horizon ‘radius’ caused by the dynamical process under
which the horizon evolves from S\ to S2- The first integral on the right side of
this equation is the flux JEnatt of matter energy (associated with the vector field
N£a) across AR. Since N£a is null and fa time-like, by dominant energy condition
this quantity is guaranteed to be non-negative. Since the second term is purely
geometrical and emerged as the ‘companion’ of the matter term, it is natural to
interpret it as the flux Rgw of energy in the gravitational waves across ATI. The
presence of the shear term |cr|2 in the flux formula (12) is expected from weak field
considerations. The term |C|2, on the other hand, is two orders higher than the
shear term in the weak field expansion [22]. Thus, it captures some genuinely non¬
linear, strong field physics. The interpretation of the last two, geometric terms as
flux of energy carried by gravitational waves is supported by several independent
considerations [2,12].
To summarize, it is remarkable that Einstein’s equations provide a direct local
relation between the growth of area of a dynamical horizon R and the flux of
in-falling matter and gravitational waves. Furthermore, as a by-product a gauge
invariant expression emerged for the energy-flux of gravitational waves across R.
As at null infinity, it is local to the cross-section and positive definite. This is
surprising because in general relativity no such expressions exists for general 3surfaces in the strong field regime. Indeed, had R been replaced by a 3-manifold
which is foliated by either untrapped or trapped 2-surfaces, the procedure would
fail to provide a positive definite expression. The fact that a satisfactory expression
exists precisely when we try to calculate the energy-flux falling into a black hole is
another illustration of the extraordinary interplay between geometry and physics
contained in general relativity.

4. Discussion

Although a systematic mathematical theory of black holes was introduced over
thirty years ago, in the ensuing decades most of the attention was focused on sta¬
tionary black holes, specifically on properties of the Kerr family and perturbations
thereof. In the fully dynamical regime, we only had qualitative results involving
event horizons, most of them dating back to the seventies. While they spurred
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much activity in the area of black hole thermodynamics and associated funda¬
mental physics, they have not been directly useful in unravelling the quantitative
physics of black hole formation and growth. Furthermore, because of the global
and teleological nature of event horizons these results have had limited practical
applications, e.g., to numerical simulations.
Over the last three years this status-quo has begun to change. In particular, new
properties of marginally trapped surfaces and tubes have been discovered, moti¬
vating the introduction of quasi-local horizons. These in turn are now providing
detailed insights into the non-linear processes dictating black hole dynamics. As
with event horizons, the Raychaudhuri equation plays a key role in determining
the qualitative features of marginally trapped tubes. However, one can finally go
beyond and use the detailed form of Einstein’s equations to track, in quantitative
detail, how black holes form and grow. This endeavour continues Professor Ray¬
chaudhuri’s tradition of uncovering and exploiting new facets of the extraordinary
interplay between geometry and physics that is hidden in general relativity.
Over the last three years, rapid progress could occur largely because of a syn¬
ergistic interchange between mathematical and numerical relativity communities.
If this interplay continues, the subject of dynamical black holes is likely to enrich
both areas. By uncovering new structures and their properties, these efforts could
further refine and clarify the intuitive scenarios that have emerged over the past
three decades. More importantly, they could continue to open new avenues, leading
to the discovery of unforeseen features and forcing us to revise older scenarios in
important ways.
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Abstract. In general relativity space-like or null singularities are common: they imply
that ‘time’ can have a beginning or end. Well-known examples are singularities inside
black holes and initial or final singularities in expanding or contracting universes. In
recent times, string theory is providing new perspectives of such singularities which may
lead to an understanding of these in the standard framework of time evolution in quantum
mechanics. In this article, we describe some of these approaches.
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1. Introduction

More than fifty years ago, Raychaudhuri initiated what is arguably one of the most
exciting developments in the classical theory of gravity. The culmination of this
development was the formulation and proof of singularity theorems - and taught
us that the theory of general relativity in fact precisely predicts the limits of its
validity. These theorems showed that singularities appear under rather general
conditions and led to the question: what are we supposed to do when the spacetime has a singularity? While it has been clear for a long time that the very notions
of space and time needs revision near these singularities where quantum effects of
gravity become important, it is still not clear what structure could replace spacetime at the fundamental level. In recent years, however, string theory is beginning
to provide a concrete and convincing framework for a quantitative analysis near a
class of such singularities.
Some kinds of singularities are easier to understand than others. Time-like sin¬
gularities are regions of space which exist for all times - and very often they do not
appear mysterious once one understands that the singular nature of the space-time
is caused by some object sitting there. A proper microscopic description of this
object would lead to a resolution of such singularities. Space-like or null singular¬
ities are much more difficult to understand. These singularities are not located at
some point - one cannot look around and see that they are there. Rather they
just happen. A well-known example is the singularity inside a neutral black hole
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- all observers who have crossed the horizon will encounter this singularity in fi¬
nite proper time. They cannot ‘look ahead’ and see that there is a singularity and
skirt around them. Another example is the Big Bang singularity of an expanding
universe. This, too, just happened at some time in the past.
In string theory, the basic degrees of freedom are one-dimensional extended
(rather than point-like) objects in the regime where the string coupling constant is
small. The very fact that strings have an extension leads to a resolution of some
kinds of singularities - a classic example is an orbifold singularity. Because of a
finite extension, strings can happily propagate on orbifold space-times, while the
time evolution of particles is necessarily singular. This in fact can - and does happen at the classical level. There are other time-like singularities which can be
cured in string theory at the quantum level - this too is reasonable since after all
string theory is a consistent quantum mechanical description of gravity.
In this article I will describe some recent attempts to understand space-like singu¬
larities. One reason why it is difficult to understand a space-like singularity is that
this signifies a ‘beginning’ or ‘end’ of time. If we believe that the laws of quantum
mechanics can be applied to gravity, this is a troublesome concept. Even though
the notion of time in a quantum theory of gravity is rather subtle, no one has been
able to make sense of a situation where time just stops. Note that this has nothing
to do with the fact that such boundaries of time are often associated with the fact
that space-time curvatures diverge at these points. Consider for example normal
flat space-time and we simply cut out one half of it by putting in a boundary at
some time t — 0. This is a trivial example of a geodesically incomplete space-time.
The quantum dynamics of some field in this space-time is problematic - one has
to impose some final state conditions, and there is no reason why the standard
Hamiltonian cannot evolve the system beyond t — 0. The problem becomes more
pronounced if in addition the space-time has curvature singularities at initial or
final times.
The key to this understanding is the fact that in string theory dynamical spacetime is not fundamental, but an emergent concept. Over the past decade we have
been able to understand the underlying structure from which space-time emerges
in certain circumstances. Surprisingly this fundamental structure is a gauge theory
without dynamical gravity. And even more suprisingly it turns out that this gauge
theory lives in a lower number of dimensions. Thus a theory without gravity (like a
gauge theory) can encode all the details of a theory with dynamical gravity which
however lives in higher number of dimensions - a phenomenon which is now called
holography.
In this article I will discuss this approach to cosmological singularities which has
been reviewed in [1,2]. Instead of trying to compile an exhaustive list of references,
I have cited a few review articles which should be regarded as a guide to the original
literature in the field. This is by no means the only approach to space-like and null
singularities in string theory. Early attempts to address the question in perturbative
string theory is reviewed in [3]. Attempts to study perturbative strings in exact
time-dependent backgrounds and the problems encountered therein are reviewed
in [4] and [2]. More recently, there has been some progress in understanding how
a phase of ‘tachyon condensation’ can replace space-like singularities in worldsheet
formulations of string theory. This is reviewed in [5].
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2. Faces of holography

The key idea evolved from the classic work of ’t Hooft in the 1970s. By mid
1970s it was clear that the correct theory for strong interactions is QCD - a nonabelian gauge theory with gauge group SU(3) coupled to quarks in the fundamental
representation. However the quarks are confined into mesons and baryons. It was
soon realized that this happens because in QCD electric fields cannot spread out rather they form flux tubes between quarks and antiquarks, forming mesons; or a
flux tube closing onto itself forming a glueball; or three flux tubes emerging from
three quarks of different colors joining at a vertex, forming a baryon. This was
a satisfying picture of confinement. It qualitatively explained why experimentally
hadrons appeared to behave like strings - which gave rise to string theory in the
first place. This begs the question: what is the coupling constant of strings, gs in
terms of QCD quantities? This should be a dimensionless parameter, and QCD
does not have any free dimensionless parameter! In a landmark paper in 1974, ’t
Hooft argued that this dimensionless parameter can be discovered if one generalizes
the gauge group in QCD from SU(3) to SU(N) and expand the theory in a power
series expansion in 1/A, with the combination
regarded to be 0(1). Each
term in this expansion is a sum of an infinite number of Feynman diagrams which
may be thought of tiling a two-dimensional surface. If this surface has h handles
and B boundaries the overall power of A is simply Nx, where x ls the Euler
characteristic x — 2 — 2h — B. This is precisely how a string perturbation theory
ought to look like. A typical amplitude in string theory may be written as a sum
over two-dimensional surface which represents the worldsheet of strings with each
surface weighted by a factor of g~x. Thus the string coupling constant is precisely
1/A. In the limit A -» oo with g‘yMN fixed these strings are weakly coupled. A
useful review of large-A" may be found in [6].
Following the work of’t Hooft it was in fact realized that not just gauge theories,
but any theory whose fields are in the adjoint representation of a large group like
SU(A) should give rise to a string theory in the large-A limit. However the precise
details of this string theory turned out to be quite elusive.
Around the same time of’t Hooft’s work, Yoneya, Scherk and Schwarz proposed
that certain supersymmetric versions of string theory contain gravity and reduce
to general relativity at low energies. The celebrated work of Green and Schwarz
in 1984 indicated that such string theories in fact form quantum mechanically
consistent ultraviolet completions of the supersymmetric generalization of general
relativity, supergravity [7]. This indicated that if one can find descriptions of these
string theories in terms of large-A gauge theories, the latter may provide a nonperturbative description of gravity itself.
Developments which took place throughout the late 1980s and 1990s led to con¬
crete realizations of this idea - and led to a surprise. The underlying gauge theory
lives in lower number of dimensions. This is now referred to as holography and ties
up beautifully with an idea which emerged from black hole thermodynamics.
The first concrete formulation of holography was achieved in the theory of closed
strings in 1 + 1 dimensions [10-12]. Here the holographic theory is the gauged
quantum mechanics of a single hermitian matrix - which is a gauge theory in 0'+ 1
dimensions. This is the first time it was realized that space-time is an emergent
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concept. At the same time it became clear that space-time itself is an approximate
concept which breaks down in suitable circumstances. The closed string theory con¬
tains gravity (though there is no dynamical graviton) and gravitational interactions
are encoded in the gauge theory in a subtle and interesting way.
The discovery of duality symmetry (for a review see [13]) and D-branes (for
an introduction see e.g. [14]) led to another realization of holography. The low
energy dynamics of a stack of N p-dimensional D-branes in string theory is a U(N)
gauge theory living on the p + 1 dimensional world-volume. However these objects
produce gravitational backgrounds. This indicates that gravitational phenomena
in the entire space-time should be describable in this gauge theory. In fact the
appropriate limit of the gauge theory is precisely’t Hooft’s large-A” limit. Perhaps
the most striking result of this development has been the statistical explanation
of black hole thermodynamics and Hawking radiation. A certain class of black
holes appear as stacks of a large number of D-branes wrapped in internal directions
and appear as states in the gauge theory. In certain cases, their degeneracies
can be counted reliably. This leads to a statistical entropy which is in precise
agreement with the results of Bekenstein and Hawking in semiclassical gravity.
Furthermore, Hawking radiation of such black holes may be understood as usual
quantum mechanical decay of excited states in this gauge theory and the decay rate
is in precise agreement with the semiclassical luminosity. For reviews of black holes
in string theory, see [15,16].
This connection between gauge theory and gravity is in fact a manifestation of
a basic property of string theory which has been known since its inception: openclosed duality. In string theory processes involving open strings can also be viewed
as processes involving closed strings. Now the low energy limit of open string theory
is a gauge theory, while the low energy limit of closed strings contain gravity - so
there should be connection here. The dynamics of D-branes are described by open
strings which live on the brane - the gauge theory in the previous paragraph is in
fact the low energy limit of this theory of open strings. It has been recently realized
that the gauge theory - gravity connection uncovered in 1 + 1 dimensions is also
a result of open-closed duality. The matrix of gauged matrix quantum mechanics
in fact represents the degrees of freedom of a bunch of D-particles in this theory.
In the region near horizons of certain black holes, the theory of open strings can
be truncated to its low energy limit - which leads to a precise connection between
this gauge theory and gravity. This connection is known as the AdS/CFT cor¬
respondence since these near-horizon geometries are asymptotically anti de-Sitter
space-times and the holographic gauge theory which may be thought of as living on
the boundary is some deformation of a conformally invariant field theory. A useful
review of this dual correspondence is [17]. Pretty much like the two-dimensional
example, an extra space dimension is generated in the gauge theory, and at the
same time the theory secretly contains dynamical gravity. In the AdS/CFT corre¬
spondence, the additional dimension arises out of the renormalization group scale
of the quantum field theory. The RG equations of the field theory are essentially
Raychaudhuri equation in the bulk (for connections of Raychaudhuri equation with
AdS holography, see e.g. [18,19].
The open-closed duality applied to D-branes implies a rather different rela¬
tion between gauge theories and closed string theories which are called ‘matrix
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theories’. This follows from the fact that even though critical string theories live
in 10 space-time dimensions, these are actually 11-dimensional theories in disguise.
This 11-dimensional theory is called M-theory. String theories appear as KaluzaKlein reductions of M-theory on a circle, the momentum along the circle appear¬
ing as usual as a charge in the 10-dimensional theory - this charge is in fact the
charge associated with DO branes. Now suppose we consider M-theory in an infinite
boosted reference frame along a compact direction. In this frame the only states
which survive are those which carry a quantized positive momentum J along the
direction of boost. From the point of view of string theory, these are states which
carry a large DO brane charge J. Now, boosting along a compact spatial circle
leads to a compact null circle. It turns out that one can go to a regime where the
effective theory is the U(J)-gauged matrix quantum mechanics which describe the
low energy limit of the theory of DO branes. Furthermore, if additional dimensions
are compact this matrix quantum mechanics effectively becomes low dimensional
supersymmetric Yang-Mills theories on compact spaces. This Yang-Mills theory
then describes string theory and hence gravity in 10-dimensional space-time. Like
the previous two examples, space dimensions are ‘manufactured’ in the gauge the¬
ory. The reason why this gauge-string connection is different from the previous two
examples is that here we do not need a ’t Hooft limit. In fact a strong version
of the matrix theory conjecture works for any finite J. A review of matrix theory
is [20].
In these examples, a gauge theory leads to gravitational theories in higher number
of space dimensions. The time was built in. Nevertheless, as we will see below, the
notion of time perceived by the open strings, i.e. the gauge theory can be quite
different from the notion of time perceived by closed strings which emerge out of
the fundamental theory. There are in fact versions of matrix theory in which even
time is manufactured - the holographic theory is simply a random matrix theory.
For a review, see [21].
Except in the two-dimensional string theory example, the gauge-gravity corre¬
spondence remain conjectures rather than proven relationships. The common theme
in all these realizations of holography is that the quantum dynamics of the system
is unambiguously defined in the holographic gauge theory. The higher dimensional
space-time and gravitational dynamics in it is always an effective description in a
certain regime of parameters. By the same token, usual perturbative closed string
theory would appear only in a certain corner of the parameter space. A ‘proof’
of the conjecture would involve a demonstration that in this corner of parameter
space, the gauge theory indeed reproduces closed string perturbation theory. This
is the sense in which there is such a proof for the two-dimensional model. It is con¬
fusing to ask what a ‘proof’ would mean at the non-perturbative level - since we
do not know of an independent way to define closed strings non-perturbatively. In
fact, it seems reasonable to take the open string theory as a fundamental definition
of the theory itself. This theory has no dynamical space-time, no notion of geodesic
incompleteness and so on - but does have a notion of time evolution of states. In a
certain approximation, the theory can be re-interpreted as a theory of perturbative
closed strings. In general, there is no such interpretation and therefore no notion
of dynamical space-time.
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This is the key point in our discussion of singularities. These holographic descrip¬
tions lead to a proposal for the structure which replaces space-time near singular¬
ities. If there are situations where the fundamental dynamics defined in terms of
the gauge theory makes sense in regions where the space-time appears singular one
has the possibility that these singularities are simply problems with interpretation.

3. Cosmologies in two-dimensional string theory

The first concrete relations between large-N gauge theories and string theories
appeared in the late 1980s in the study of toy models of strings in small number
of dimensions. The best understood model of this type is the description of string
theory in one space and one time dimension [10-12]. The corresponding large-iV
theory is quantum mechanics of a single N xN hermitian matrix in a certain double
scaling limit where one takes TV —>■ oo and the coupling of the matrix quantum
mechanics G
Gc with a certain combination of Nheld constant, where /ip is
a function of (G — Gc). Recently it has been realized that this should be in fact a
gauge theory. In the double scaling limit the action is given by
S =

j

Atl-[{DtM)2 + M2)

(1)

which has a gauge symmetry with gauge group U(N). The covariant derivative
Dt = dt + iAt involves the gauge field At. In 0 + 1 dimensions a gauge field can be
set to zero by a gauge transformation and this results in a constraint which implies
that all physical states must be singlets under U(N).
In the singlet sector, the entire dynamics is encoded in the eigenvalues of the
matrix, Ai(t). However the change of variables from the matrix to the eigenvalues
results into a well-known measure factor which makes the wave function into a
slater determinant. The eigenvalues may be therefore thought to be locations of N
non-interacting fermions living in an inverted harmonic oscillator potential, with a
single particle Hamiltonian given by
H=\\p2-x2}.

(2)

Equivalently, the theory may be re-written in terms of the density of eigenvalues of
the matrix dx<p(x,t) which is defined by
dx<p(x,t) = -^tr 8(M(t) - x-1).

(3)

This field may be regarded as a bosonization of the fermions.
At the classical level the action of the collective field is given by
S = N2 / dx dt

1 (dt<f)2

7T2

3

dx

(4)

The dimensionful parameter pi is a Lagrange multiplier which ensures that the total
number of eigenvalues is fixed.
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3.1

Physics near the ground state

This is of course a field theory in 1 + 1 dimension, the spatial dimension arising out
of the space of eigenvalues. What is remarkable is the fact that this two-dimensional
theory in fact represents a massless particle with a relativistic dispersion relation
- even though there was no such relativistic invariance to begin with. It is clear
from (4) that for large N we can expand the field around the ground state classical
solution which is
- 2fj.dtip0 = 0,

x| > \[2/l

and vanishes for |x| < y/2jl. The quadratic part of the action for fluctuations
r)(x,t) = <p(x,t) - (p0(x)
is given by

s!,2>

=

1 J At Ax -/gg^d^rid^i,

(7)

where the two-dimensional metric is
i 2
i 2
ds“ = -dt2 +

dx2
x2 — 2/a

(8)

The fluctuation obeys boundary conditions
(9)

= 0

so that x = ±i/27~l acts as a mirror. The classical interaction Hamiltonian is purely
cubic when expressed in terms of the fluctuation field r/ and its canonically conjugate
momentum n^,
H(3)
=
77

dx

^Uldxri+

y(<9x?y):

(10)

The global nature of the semiclassical space-time which is generated is transpar¬
ent if we make a change of variables to ‘Minkowskian’ coordinates (r, cr),
t = r,

x^iv^coshtf.

(11)

In these coordinates
(12)

ds2 = —dr2 + dcr2
and we have two fields r/±(r,a).
The interaction Hamiltonian in these coordinates becomes
H* = / dcr

1
2 sinh2

(13)
g
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mirror

Figure 1. Penrose diagram of

Figure 2. Penrose diagram for the closing

space-time produced by ground

hyperbola solution showing two classes of

state solution showing an in¬

null rays.

coming ray getting reflected at
the mirror.

so that the interactions are strong at the mirror a = 0. In any case, the space-time
generated is quite simple. The Penrose diagram is that of the two-dimensional
Minkowski space with a mirror as shown in figure 1. The fluctuations are massless
particles which come in from Z£"R, get reflected at the mirror and arrive at 2^R.
Interactions, which are strong at the mirror, lead to a non-trivial 5-matrix.
Even though our theory looks like a usual quantum field theory in 1 + 1 di¬
mensions, it is actually a 1 -1- 1 dimensional closed string theory in disguise. In
1 -f 1-dimensions there are no transverse oscillations of a string, so that the only
dynamical degrees of freedom is its center of mass - which corresponds to a usual
field theory. Indeed the two massless scalar fields displayed above are related to
only two dynamical fields of Type OB two-dimensional string theory. The relation
is however nonlocal at the string scale and this has important consequences. This
slight non-locality in fact encodes the gravitational attraction between objects in
this model and is instrumental in showing that the 5-matrix obtained in the matrix
model is in exact agreement with the 5-matrix obtained in a perturbative string
computation.
Finally, the interpretation of the model in terms of a scalar field in 1 + 1 dimensions
is a good interpretation only when the coupling is weak. Fortunately the couplings
are weak at X± - this allows a definition of asymptotic states and therefore a 5matrix. Near the mirror, the coupling is strong. The fact that the dispersion
relation is relativistic at the free level has no significance in this region and it is
not useful to interpret this model as a relativistic model of bosons. The fermions,
however, are free everywhere - the understanding of this model in terms of fermions
is exact and valid everywhere.
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3.2

Time-dependent solutions with singularities [1]

The model (2) has an infinite number of global symmetries which are symmetries of
the action, but do not generically commute with the Hamiltonian. The symmetry
group is called Wqq. If we act on the ground state with such a group element, e.g.
|A) = exp[zAQ]|/i),

(14)

we obtain a new state of the theory with non-trivial time dependence which au¬
tomatically satisfies the Schrodinger equation. However such a state would not
be normalizable and would therefore not be included in the Hilbert space of the
fluctuations around the ground state. Rather this would correspond to a new timedependent background with a Hamiltonian
H' = e~iXQ HeiXQ.

(15)

At the semiclassical level some of these states are represented by classical solutions
of the collective field theory (4), ipo(x,t). Our aim is to find out what kind of
space-time is perceived by fluctuations around such a classical solution.
The strategy to do this is exactly the same as what we did for the ground state.
We expand the field as in (6) and find the dynamics of rj(x,t). It turns out that
at the free level, the fluctuations around any classical solution behave as massless
scalars in 1 + 1 dimensions with the space-time metric given by

ds2 = — d t2 +

(dx +

(16)

(ndx<p0)2
In 1 -f 1 dimensions, all metrics are conformally flat - so we can always determine
the global structure of the space-time by making a coordinate transformation to
Minkowskian coordinates (r, cr). The latter will be called the closed string spacetime.
The interesting fact is that there are several classical solutions of this type which
lead to closed string space-times which appear to have space-like boundaries. A
simple example is given by
_

dx<Po =

/-. ,

,t\ V*2 - (1 + e2t)>

xezt

dm = -.

2t dx<po-

(17)

Here we have rescaled x and t to set 2/i = 1 and have also shifted the origin of t
to absorb a parameter of the
transformation. This solution starts off like the
ground state at t -> — oo, but the regions in x space in which the fermions live is
pushed out to infinity on both sides at late times. The fluctuations which correspond
to small ripples on the Fermi sea, however, have a smooth time evolution. Any such
fluctuation originating in the large |x| region will get reflected and will be pushed
by a moving mirror which will again end up in the large \x\ region.
The Minkowskian coordinates (r, a) in terms of which the metric is simply ds2 =
-dr2 + da2 are given by the following transformations:
_
x = cosher yl-fe2*,

et
er — —= —-= •
VI + e2t
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This immediately shows that as — oo < t < oo the time r has the range — oo < r < 0.
Since the dynamics of the matrix model ends at t = oo the resulting space-time
appears to be geodesically incomplete with a space-like boundary at r — 0.
The Penrose diagram for this space-time is given in figure 2, which has a spacelike X+ at r — 0, parametrized by a. Note that the entire X+ is at |a;| = oo.
If such a space-time were encountered in the usual semiclassical gravity, one
would have immediately completed this by attaching a region from r = 0 to r = oo.
However in this case this does not make sense. The fundamental dynamics of this
model is given by matrix quantum mechanics which has a perfectly unitary time
evolution in time t, and this time t = oo on X+. Extending the space-time beyond
this would mean extending this fundamental time beyond t = oo and this does not
make much sense. Recall that in this model space-time is a derived notion. What
we are finding is that if we extrapolate this notion all the way to late times, we
encounter a singularity which is space-like.
What is really happening in this model is that the interpretation of the model in
terms of the usual relativistic two-dimensional space-time is breaking down at late
times. This may be seen in several ways. Using the fact that the background is a
Woo transform of the ground state, one can exactly calculate correlation functions
of fermion operators and hence the correlators of fluctuations around the ground
state. The result is that near X+ these differ significantly from the semiclassical
values, indicating X+ is strongly coupled. The fermion time evolution is perfectly
smooth over the entire range.
There are several backgrounds of this type. They all have the common feature
that while the ‘open string time’, i.e. the time in terms of which the quantum
dynamics is defined at the fundamental level, runs over the full range, the ‘closed
string time’ appears to end at some point. There are of course time reversed
solutions where the closed string time appears to begin abruptly in a caricature
of a Big Bang. And in all these instances, the space-time interpretation of the
holographic model is breaking down at these space-like boundaries, even though
the underlying theory makes perfect sense.

4. Ten-dimensional Big Bangs from matrix theory

There are similar examples in ten-dimensional string theory, which can be described
in matrix theory and its descendants.

4.1

Matrix string theory

Let us briefly review the holographic description of Type IIA strings in terms of
a 1 + 1-dimensional supersymmetric Yang-Mills theory (for a useful review, see
[22]). This connection arises from duality transformations on the standard ten¬
dimensional flat background with string frame metric
ds2 = 2dx+dx~ + dx • da?,
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with the null coordinate x compactified on a circle of radius R. The string coupling
is gs and the string length is ls. Consider the sector of the theory with a momentum
P- =

J/R

(20)

along x~.
Now, ten-dimensional string theory has a rich set of symmetries called duality
symmetries which generally relate one kind of string theory with another kind. In
this case the above background may be shown to be dual to a Type IIB string
theory with a string coupling gs and string length ls given by
n

—

9s

R

T2

9s 4’

s

■

—

R

’

living on a compact space-like circle of radius R given by
-

/2

(22)
and carrying J units of Dl-brane charge. The matrix theory conjecture in this
case claims that a non-perturbative formulation of the theory is given by a U(J)
Yang-Mills theory with a dimensional coupling constant
R
9 ym —

9J$m

(23)

The bosonic part of the action is given by
S=

j

drckrtr iy\glF2ra + \{DTX'f -

A^]2| ,
(24)

where Xl,i = 1.. .8 are adjoint scalars and FTa is the U(J) gauge field strength.
These fields live on a circle parametrized by a and 0 < a < R = l'^/R. However
the space-time of this Yang-Mills theory is not dynamical.
In the regime of weak string coupling ^ « 1 the potential term in (24) suppresses
X1 which do not commute. Therefore in this limit the theory reduces to a theory of
8 J scalar fields which may be chosen to be the diagonal components of the matrices
Xwhich we denote by X*, a = 1... J. Similarly, the gauge field strength is locally
zero. However as we go around the a circle, the gauge symmetry allows non-trivial
boundary conditions which are characterized by conjugacy classes of the gauge
group. For example, we can have
X\(a + 2ttR) =Xi2(<r)
X2(cr + 2ttR) =Xl3(a)

X}(a+ 2ttR) = X{ (cr).
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With these boundary conditions, the action (24) becomes the action of eight mass¬
less scalars living on a circle of radius JR. This is precisely the worldsheet descrip¬
tion of a single Type IIA string in the light cone gauge. In a similar way one could
have boundary conditions

X\(a + 2ttR) = Xl2(a)
X^a + 2nR) = X* (cr)
X'K(a + 2irR)=Xi{(T)
Xic+i (<r + 2wR)=XiK+2(a)
X'K+a(ff + 2nR) = X'K+3(a)
XiJ(a + 2nR) = XiK+1(a)

(26)

and one would have the worldsheet action for two strings. It is clear that for a given
J one would have various sectors of the theory which describes J strings. Further¬
more, the commutator interaction is capable of describing in a precise fashion the
joining and splitting of these strings.
Therefore in the gs « 1 regime, this two-dimensional gauge theory describes a
second quantized theory of closed strings in ten space-time dimensions, and there¬
fore gravitational interactions in ten dimensions as well. It is important to realize
that this happens only in this regime, which by virtue of (23) is the strongly coupled
regime of the gauge theory. The fields X1 metamorphize into transverse space-time
coordinates. For generic gs all the non-abelian excitations are important and there
is no such ten-dimensional interpretation and therefore no clear interpretation in
terms of a usual dynamical space-time.

4.2 A matrix Big Bang
%
It turns out that there is a remarkably simple modification of flat space which
provides a useful model of a cosmological singularity [23]. This is a background
which still has a flat string frame metric, but has in addition a dilaton which is
linear in the null coordinate
$ rz -Qx+.

(27)

For Q > 0, the point x+ — — oo is in fact a null Big Bang singularity. This is
because the Einstein frame metric (i.e. in terms of which the low energy effective
theory is the Einstein-Hilbert action) is geodesically incomplete, with geodesics
reaching x+ = — oo in a finite proper time. The effective string coupling geff = e^
is infinite at this point. In a similar way for Q < 0 we have.a big crunch.
The logic which leads to a 1 + 1-dimensional Yang-Mills theory in the p_ = J/R
sector now leads to a theory whose bosonic action is
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s = IdT
1

iatr (l^e-^F2, + \(DTX')2 - l-(DaX')2
e2°T[X\X,']2j .

(28)

Thus the effect of the non-trivial dilaton is to make the coupling constant of the
Yang-Mills theory time-dependent. It is useful to rewrite this action (28) as follows:
S =

j

dr da Vhtv ^g2shabhcdFacFbd + ^hab(DaX')(DbXi)

+i^’Y2}-

(29)

where ha& denotes a two-dimensional metric
d s\ = habdCd£b = e2QT[-dr2 + d<j2].

(30)

Thus the theory may be viewed as one with constant couplings, but in a non-trivial
space-time (30) - which is the Milne universe, or the future light cone of the origin.
We would expect that in an appropriate limit the action (29) represents a string
theory living in this Milne space-time with eight other transverse directions. It is
clear from (30) that the space-time defined by (r, a) with — oo<r<oo,0<cr<
2ttR has a conical singularity at r = — oo and this singularity may be reached in a
finite proper time. One way to see the geodesic incompleteness of the space-time is
to go to the Minkowskian coordinates for the metric

T — e®T cosher,

X = e^r sinher,

ds^ - -dr2 + dx2.

(3i)

The situation is quite similar to the two-dimensional backgrounds of the previous
section. There is an open string time r which runs over the full range. However the
closed string time T seems to begin at T = 0 at a null Big Bang.
From the action (28) we see that at r -> oo, i.e. T -> oo the Yang-Mills coupling
is strong. Therefore we expect that this regime would describe perturbative IIB
strings in the manner discussed above. However, as r -> —oo, i.e. at the ‘Big Bang’
the Yang-Mills coupling is weak. This means that there is nothing which suppresses
X1 which are non-commuting and all the 8 J2 degrees of freedom are equally im¬
portant. This means that there is no interpretation in terms of second quantized
strings and no interpretation of the fields as coordinates in eight transverse space
dimensions. The Yang-Mills theory, however, continues to make perfect sense. In
fact the coupling of the theory goes to zero as we approach this ‘singularity’ and
nothing is obviously wrong with a bunch of free fields !
What has happened is similar to the two-dimensional example. There is a certain
regime of the parameters of the holographic theory where a space-time interpreta¬
tion is valid. If we forcibly extrapolate this interpretation to early or late times, it
appears that from the point of view of the closed string theory there is a singular¬
ity. However it is precisely in this region that it is illegal to ascribe a space-time
interpretation: the holographic gauge theory is what it is and makes perfect sense.

Pramana — J. Phys., Vol. 69, No. 1, July 2007

105

Sumit R Das
4.3 Zooming onto the Big Bang
At the place where the closed string theory appears to perceive a Big Bang singu¬
larity the non-abelian nature of the theory becomes important. To get some idea
of the nature of non-abelian excitations it is useful to consider strings moving on a
time-dependent gravitational wave rather than flat space [24]. Fortunately, matrix
theory may be formulated in a class of such gravitational waves whose string frame
metric and dilaton are given by
ds2 — 2dx+dx

—

(dx+)2 + dx • dx dy ■ dy,

$ = -Qx+,

(32)

where x — (x1 .. .x3),y = (yl .. .y5). There is, in addition, a background 5-form
field strength also proportional to /i. The resulting matrix theory is a deformation
of the theory described in the previous subsection, additional terms involving /i.
The introduction of a gravitational wave as above introduces a new length scale
l/fj, into the Yang-Mills theory. It turns out that the dimensionless ratio fi/Gym
acts as a semiclassical parameter and when /r
Gym classical solutions of the
Yang-Mills theory are relevant. Among such classical solutions are highly nonabelian configurations called fuzzy spheres
X1 = S(r)J\

i = 1,2,3,

where S(r) is a real function of r and Jl are generators of a iV-dimensional rep¬
resentation of SU(2). These are called spheres since the Casimir condition implies
that
3

/v2 — 1

£(V)2 = ~^—S2(t)INxN

(34)

i=1

which would represent a sphere if the X1 were real numbers rather than matrices.
They are called fuzzy because X1 are not real numbers. Clearly, in the presence of
a large number of fuzzy spheres, the matrices are far from being diagonal and the
usual interpretation of the theory as a string theory in conventional ten-dimensional
space-time is invalid. These fuzzy spheres are really discretized versions of D-branes.
The time dependence of the radius of the fuzzy sphere, 5(r) is determined by
the dynamics of the YM theory. An examination of the action shows that at early
times (near the Big Bang) such fuzzy spheres rather than strings proliferate. As
time evolves, the size of these fuzzy spheres diminish and at late times they become
zero size objects leaving only strings.
A Type IIB version of this model [25] exhibits another interesting aspect of the
region near the singularity. It is well-known that quantum field theory in timedependent backgrounds exhibit particle production. This results from the fact that
typically the vacuum state at late times is not the vacuum at early times and vice
versa. In these models, this same phenomenon leads to an interesting insight into
the question of initial conditions. We saw that in this type of model one generically
expects perturbative strings and hence conventional space-time at late times and
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non-abelian configurations at early times. The latter include D-branes which can
be easily excited. The question we can now ask is the following: If we require that
the state at late times contain only perturbative strings and nothing else, can we
start with any conceivable initial state?
One might expect that the answer should be positive. After all at late times these
D-branes and other non-abelian excitations are suppressed - we might expect that
they all go away at sufficiently late times regardless of the initial state. Surprisingly
the answer is negative. Because of particle production (or depletion) effects, the
state which does not contain such D-branes at late times turns out to be a squeezed
state of these D-branes at early times - with a thermal distribution of the number
of D-branes with temperature l/Q. This means that if we require that at late time
usual space-time emerges with no such remnant D-branes filling the vacuum - the
initial state near the Big Bang must be close to this special squeezed state. It will
be interesting to see whether this has some implication for the general question of
initial conditions in cosmology.

5. Outlook

Raychaudhuri showed that a congruence of geodesics would tend to shrink and
form singularities under generic conditions. These singularities clearly signal the
breakdown of general relativity. It has been suspected that a proper theory of
quantum gravity would ‘resolve5 such singularities, though it has never been clear
what such a resolution might mean for space-like or null singularities.
The results from string theory are beginning to provide a concrete meaning to
this by demonstrating that space-time is itself an approximate notion which emerges
from more fundamental structures which form holographic descriptions of gravita¬
tional physics. In this article we have described how this happens in some versions
of holography, viz. matrix models of two-dimensional strings and matrix theory of
ten-dimensional strings. There have been some recent progress in understanding
such cosmological singularities using the AdS/CFT correspondence as well [26,27].
These investigations have been in toy models of cosmology. However one would
expect that we should be able to draw some general lessons which can be applied
one day to realistic cosmology as well.

Acknowledgements

I would like to express my deep gratitude to AKR for giving me the first glimpse
into the beauty of theoretical physics. He has been instrumental in shaping my
taste in the subject. I thank the editors of this special issue for inviting me to con¬
tribute an article to honor him. I also thank my collaborators Joanna Karczmarek,
Samir Mathur, Jeremy Michelson, K Narayan and Sandip Trivedi for enjoyable col¬
laborations and my colleagues at Tata Institute of Fundamental Research and at
University of Kentucky for numerous discussions. This work was supported in part
by a National Science Foundation (USA) Grant PHY-0244811 and a Department
of Energy (USA) contract DE-FG01-00ER45832.

Pramana - J. Phys., Vol. 69, No. 1, July 2007

107

Sumit R Das
References

[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]

108

S R Das, Mod. Phys. Lett. A20, 2101 (2005)
B Craps, Big Bang models in string theory, arXiv:hep-th/0605199
M Gasperini and G Veneziano, Phys. Rep. 373, 1 (2003), arXiv:hep-th/0207130
H Liu, G W Moore and N Seiberg, The challenging cosmic singularity, arXiv:grqc/0301001
E Silverstein, Singularities and closed string tachyons, arXiv:hep-th/0602230
Sidney Coleman, 1/N, Proceedings of the 1979 International School of Subnuclear
Physics (1979) 0011
Standard textbooks on String theory include [8] and [9]
M Green, J Schwarz and E Witten, Superstring theory (Cambridge University Press,
1987) vols 1 and 2
J Polchinski, String theory (Cambridge University Press, 1998) vols 1 and 2
I R Klebanov, String theory in two-dimensions, arXiv:hep-th/9108019
SR Das, The one-dimensional matrix model and string theory, arXiv:hep-th/9211085
E J Martinec, Matrix models and 2D string theory, arXiv:hep-th/0410136
A Sen, An introduction to non-perturbative string theory, arXiv:hep-th/9802051
C V Johnson, D-brane primer, arXiv:hep-th/0007170
S R Das and S D Mathur, Ann. Rev. Nucl. Part. Sci. 50, 153 (2000), arXiv:grqc/0105063
J R David, G Mandal and S R Wadia, Phys. Rep. 369, 549 (2002), arXiv:hepth/0203048
O Aharony, S S Gubser, J M Maldacena, H Ooguri and Y Oz, Phys. Rep. 323, 183
(2000), arXiv:hep-th/9905111
V Balasubramanian, E G Gimon and D Minic, J. High Energy Phys. 0005, 014
(2000), arXiv:hep-th/0003147
R Bousso, Rev. Mod. Phys. 74, 825 (2002), arXiv:hep-th/0203101
W Taylor, Rev. Mod. Phys. 73, 419 (2001), arXiv:hep-th/0101126
H Aoki, S Iso, H Kawai, Y Kitazawa, A Tsuchiya and T Tada, Prog. Theor. Phys.
Suppl. 134, 47 (1999), arXiv:hep-th/9908038
F Hacquebord, Symmetries and interactions in matrix string theory, arXivdiepth/9909227
B Craps, S Sethi and E P Verlinde, J. High Energy Phys. 0510, 005 (2005), arXiv:hepth/0506180
S R Das and J Michelson, Phys. Rev. D72, 086005 (2005), arXiv:hep-th/0508068
S R Das and J Michelson, Matrix membrane Big Bangs and D-brane production,
arXiv:hep-th/0602099
S R Das, J Michelson, K Narayan and S P Trivedi, arXiv:hep-th/0602107
C S Chu and P M Ho, J. High Energy Phys. 0604, 013 (2006), arXiv:hep-th/0602054

Pramana - J. Phys., Vol. 69, No. 1, July 2007

Pramana

(c) Indian Academy of Sciences

— journal of
physics

Vol. 69, No. 1
July 2007
pp. 109-118
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Abstract.

A simple, geometrical construction is given for three-dimensional spacetimes
with negative cosmological constant that contain two particles colliding head-on. Depend¬
ing on parameters like particle masses and distance, the combined geometry will be that
of a particle, or of a black hole. In the black hole case the horizon is calculated. It is
found that the horizon typically starts at a point and spreads into a closed curve with
corners, which propagate along spacelike caustics and disappear as the horizon passes the
particles.

Keywords. Black holes; gravitational collapse; horizon.
PACS Nos

04.20.Gz; 04.60.Kz; 04.70.Bw

1. Introduction

Event horizons are generated by null geodesics. They are therefore natural can¬
didates for applying a time development equation of the Raychaudhuri type. But
in the present context we focus on the non-smooth regions of horizons and other
features that we describe by geometrical construction, a kind of virtual use of the
Raychaudhuri equation. We hope that our material is nevertheless of interest to
readers of this volume.
The presence of an event horizon is the defining characteristic of a black hole.
When a black hole is formed, typically by gravitational collapse, an event horizon
starts at some stage of the time development. It then spreads out increasing its area
until it encompasses all the dynamical features, and eventually becomes stationary.
The final black hole is then one of the small family of ‘hairless’ types. The most
active and interesting period in the life of a black hole is the time near the formation
of the horizon. Because the horizon is a global property of the spacetime and
cannot be characterized locally, this interesting period is typically studied only in
numerically generated spacetime regions that extend over a long time.
In two space- and one time-dimensions (2+1 D) the situation is much simplified
for several reasons. There is a simple kind of matter that can collapse gravitationally
and form black holes, namely point particles. The geometry of spacetimes with such
collapsing matter is known exactly, at least in principle. It is also known that there
are no gravitational waves emitted in the collapse that may allow the final black
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hole state to be reached only asymptotically in time. Thus, in the collapse of
2+1 D particles, the formative stage of the horizon lasts only a finite time and is
over as soon as the horizon has passed all the particles. These simplifying features
in a 2+1 D spacetime of course make it somewhat unrealistic as a model for 3+1 D
collapse, but one would still expect many of the lessons one learns in 2+1 dimensions
to survive in some form in 3+1 dimensions.
In this paper we focus on the horizon formation when two particles in 2+1 D
collapse head-on. In order to form a true black hole, the particles must have
sufficient mass-energy and there must be a negative cosmological constant. We first
recall the equations of motion for test particles, and then discuss a model process
for the case of a vanishing cosmological constant. The changes in the horizon’s
behavior during the active period for negative cosmological constant are shown to
be relatively minor. We also mention the collapse of a particle into a black hole
and the case of more than two collapsing particles.

2. Motion of test particles in anti-de Sitter space

A 2+1-dimensional (spinless) point particle is a spacetime with an angle deficit S
about the worldline of the particle. It involves identification by a finite rotation
(by the deficit angle), where the fixed point set (axis) is the particle’s worldline.
For particles with general locations, this construction is possible only in homoge¬
neous and isotropic spacetimes in which case the particle’s worldline is necessarily
a geodesic. We can construct such a spacetime from a given background in the
following way. Choose a surface (usually totally geodesic time-like) containing the
particle geodesic and rotate it about that geodesic by 5, remove the wedge volume
swept out, and identify its boundaries by the rotation [1]. In the case of several
particles (and masses 8 not so large as to make the spacetime close up), there is
an outer region where the wedges extend outwards from the particles and an inner
region between the particles where the background spacetime is unchanged by the
cut-and-paste. Within this inner region, the particles therefore move with respect
to each other like geodesic test particles. In flat space (A = 0) this motion is simply
the usual constant velocity motion that occurs when there is no interaction between
the particles. In anti-de Sitter (adS) space (A < 0) the motion of such geodesics is
not at constant relative velocity, but can be easily derived as follows.
We can choose the geodesic of one particle as an origin. In ‘Schwarzschild’ coor¬
dinates [2] the AdS metric (for unit negative curvature, A = — 1) is

ds2 = -(1 + q2)dt2 +

y + q2dfl2.
1 + qz

(1)

Here dfl2 is the metric on the unit sphere; in 2+1 dimensions we simply have
dfi2 = d(j)2. For geodesics with velocity
= da+/dr the time- and rotational
symmetries of (1) imply the conserved quantities
E = ut = (1 + q2)^~

dr
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L = u(p = q2^-,
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where E and L are the energy and angular momentum per unit mass. In terms of
these quantities the normalization condition that r be proper time becomes

E2
1 + q2

1

/d q\2

1 + q2 \ dr /

IS
q2

or
dq
dr

+ q* +

E

= E2 + L2 - 1.

But this is the same as the ‘radial’ conservation of energy equation for a sim¬
ple harmonic oscillator of unit mass, unit spring constant, angular momentum L
and energy E2 + L2 — 1, in terms of the proper time r. Since the angular equa¬
tion L — q2d(j)/dT is also analogous to that of the 2- (or higher-) dimensional
harmonic oscillator, the motion in q, <j) coordinates, or in rectangular coordinates
x = q cos (j), y — q sin 0, is that of a harmonic oscillator: x and y depend har¬
monically on r, the orbits are ellipses, and all geodesics are periodic with period
27r.

This means, in particular, that two particles that will collide head-on at some
instant in the future, reach a maximum distance from each other, and their spacetime is time-symmetric about this instant. Without loss of generality, we may
therefore assume that the initial state of such a colliding-particle-spacetime is timesymmetric, i.e. a two-dimensional space-like surface of constant negative curvature
and vanishing extrinsic curvature (totally geodesic hyperbolic 2-space H2).

3. Minkowski space model

Although a flat spacetime does not allow horizons, there are null surfaces that share
many of the properties of AdS horizons. In locally Minkowski space, the timesymmetric initial state of two particles, with zero relative velocity of the particles,
corresponds to a static spacetime. We cut out two wedges, each having its edge
at the location of a particle, and choose them to be symmetrically oriented with
respect to the particles (figure la). The line joining the initial particles on the
initial space-like surface (or the plane joining their two geodesics in spacetime)
then divides the space into two congruent halves, and the full space is obtained by
‘doubling’ one of the halves, that is gluing two copies along the edges (figure lb).
This is rather like a Melitta coffee filter as it comes out of the box and before it has
been spread into a ‘cone’. The subsequent figures are understood to be doubled
in this way. In the region outside the particles the initial surface (and all other
surfaces t — const.) is exactly conical; we will call it outer-conical, the 2D analog
of 3D asymptotically flat.
From the figure and the angle sum of the plane triangle at the bottom of figure
lb (dotted), it follows immediately that the angle deficit
measured at large
distances for the equivalent single particle is the sum of the angle deficits of the two
constituent particles. Sd the particle masses simply add, as expected when there is
no gravitational interaction energy. The location of the single particle (tip of the
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Figure 1. (a) A less massive and a more massive static particle, A and B,
on the t — 0 space-like surface of three-dimensional Minkowski space.

The

cross-hatched wedges are removed from the space, and the boundaries with
equal number of strokes are identified. The deficit angles 5 a,
particle masses,

measure the

(b) Half of figure la is sufficient to represent the space if

it is understood that it represents two layers that are glued together at the
boundary - the result of folding figure a along the line AB and identifying the
boundaries as indicated. The total angle deficit

= 2n — 2y.

cone) is of course outside the two-particle spacetime. Only in the limit of small
masses is it approximately at the center of mass between them.
Such a spacetime, of course, cannot represent a black hole, since null geodesics
from all events eventually reach infinity. However, one can consider a congruence
of null geodesics, and the wave-fronts normal to them at each Minkowski time, that
reach infinity in the same way that the wave-front of a black hole’s horizon reaches
infinity: as a smooth curve of constant curvature without self-intersection. We will
call such a congruence a pseudohorizon. Although in flat space such a wavefront can
be arbitrarily translated, such is not the case in a conical space. The smooth wavefront having any (sufficiently small) constant curvature in an outer-conical space is
unique. The center of these wave-fonts is the tip of the cone if the space is truly
conical. For outer-coilical spaces we can construct the true cone that analytically
continues the outer parts. The wave-fronts that represent the pseudohorizon at
different times are then simply those parts of circles centered at the tip of this true
cone that lie in the actual space. In the half-figure of the static two-particle space
this tip T is easily constructed by extending the slanted borders to a point, and
the circles representing the horizon are drawn about this center (figure 2a). Figure
2b shows both halves joined at the line between the particles so that successive
stages of the complete pseudohorizon can be seen. It consists of constant curvature
wave-front sections W that propagate at the speed of light, interrupted by points
of singularities S that travel at faster-than-light speed toward the particles. New
generators enter the pseudohorizon along this space-like line of singularities. As
the pseudohorizon crosses a particle it becomes a smooth wave-front (note that the
last wave-fronts intersect the boundary of the wedges at right angles). It is clear
the the pseudohorizon always has the topology of a circle and starts at a kind of
‘center of mass’ P between the particles, or at one of the particles if that particle
has an angle deficit of more than 7r.
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Figure 2. Construction of pseudohorizon for two static particles in flat space,
(a) A wave-front that will be smooth and of constant curvature at late times
starts at the tip T of the cone that is the continuation of the two-particle
space’s outer region, (b) Figure 2a doubled so that the full shape of the
wave-fronts can be seen.

4. Two particles in anti-de Sitter space

Anti-de Sitter space, like Minkowski space, can be represented in static coordinates,
eq. (1), as a time sequence of three-dimensional homogeneous spaces, which however
have constant negative curvature. A point particle, centred at the origin, can be
constructed as in Minkowski space by removing a time-like wedge of angle 6 and
identifying, for example <j> = 0 and (j) = 2tt — 5. If we define a rescaled angle
(p = (1 — <5/27t)—10, with the usual 2n periodicity, and a rescaled radial measure
r = (1 — <5/27t)<7, the metric (1) becomes
ds2 — — (r2 — m)dt2 H—-b r2 dp2,
rz — m

(2)

with the parameter m = —(1 — 6/2tt)2 < 0.
These space-like surfaces are conveniently represented by Poincare disks, yielding
what has been called the ‘sausage model’ of AdS spacetime. In terms of the polar
coordinates p, (f of the disk (related to q by q = T 21, p < 1) the spacetime metric
has the ‘sausage coordinate’ [3] form

ds2 = -(l~j)

df2+ (i-4p2)2(dP2+P2#2)-

Our Minkowski space construction involved mainly straight lines, planes, and
circles. The analogous objects in AdS space are geodesics, totally geodesic surfaces,
and constant curvature curves. Geodesics and constant non-zero curvature curves
are represented on the Poincare disk by circles perpendicular and oblique to the
boundary of the disk, respectively. Totally geodesic surfaces intersect the Poincre
disks in geodesics, and in the time direction they execute the periodic motion
described in §2.
A two-particle spacetime modeled on AdS space will in general be dynamic.
We also saw, that this is so even in the test particle limit. We also saw, that
for particles with angular momentum L — 0, there is always a time-symmetric
moment. We will orient our sausage model so that this moment is one of the space¬
like coordinate surfaces, say t — 0. As in Minkowski space, we cut the spacetime into
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Figure 3. Two particles in anti-de Sitter space at the moment of their maxi¬
mum separation d, shown on the Poincare disk. The deficit angles are labeled
by the corresponding masses. The disk is larger than the figure; only its bot¬
tom boundary is shown, (a) In the outer region the geometry is that of a single
mass M = 2tt — 27, which is more than the sum of the individual masses, cor¬
responding to an increase in interaction energy as the masses are separated,

(b) For larger particle masses or larger separation the outer geometry is no
longer that of a single particle, but that of a black hole, characterized by its
horizon circumference D.

two congruent halves along the geodesics joining the particles. The initial state of
one half will look like figure 3a, the AdS analog of figure lb, provided the particles’
masses are not too large. (An advantage of the Poincare disk representation is its
conformal nature, so that angle deficits are shown faithfully. In the alternative
‘Klein disk’ representation, the figure at time symmetry would be indistinguishable
from a Minkowski space figure, except for the disk boundary, because geodesics
appear as straight lines on the Klein disk, but angles are distorted.) The equivalent
single particle has no location in the two-particle spacetime, but its angle deficit
can be defined from the behavior of the geometry at large distances. Hyperbolic
trigonometry on the bottom triangle of figure 3a again shows that the mass M of
the composite particle is given in terms of the masses mi, m2 of the constituents
and their separation d by
cos M = cos mi cos m2 + sin mi sin m2 cosh d.

(3)

The presence of the factor coshd may be viewed as the effect of the gravitational
interaction energy between the particles.
The time development in terms of sausage time will show the approach of the
particles to the centre of the figure and to each other, as expected from their
geodesic motion in the space between them. They meet there at t — 7r/2, and the
further time development cannot be ascertained without a law that determines the
result of this collision (though in the literature some results are considered more
natural than others [4]). Equation (3) in terms of angles is of course valid on each
Poincare slice of the ‘sausage’, but mi and m2 are no longer the (constant) rest
masses of the particles, containing a contribution from the kinetic energy. Thus the
total mass M of the system remains unchanged as d changes. At large distances
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the system always looks like one static particle and so there is no horizon and no
black hole formation.
It is, however, possible to choose the initial masses and the distance between
them in such a way that eq. (3) cannot be fulfilled by a real M because the RHS
is greater than 1. In this case the boundary geodesics that reach infinity in the
figure (and which determine M by their angle of intersection, if they do intersect)
are ultraparallel (figure 3b). The metric in the outer region, in terms of an angle
coordinate with the usual 2tt periodicity and a ‘Schwarzschild’ radial coordinate
that gives the circumference of circles r = const, the usual value 2nr, takes the
form (3) with a positive m. This is the BTZ metric [5] for a non-rotating black
hole, and m is its mass measured asymptotically. (By contrast, the particle masses
mi and m2 determined by deficit angles are measured locally.) Analogous to eq.
(3) we have [6]
cosh D = — cos mi cos m2 + sin mi sin m2 cosh d,

(4)

where D = 2nm is the circumference of the black hole throat at r = m. This
is twice the minimum distance between the ultraparallel boundaries in figure 2b.
Thus the problem, so difficult in 3-f-l dimensions, to determine whether the given
initial data will lead to black hole formation, is easily solved by considering the
asymptotic dependence of the initial geometry and determining whether the total
BTZ mass m is positive or negative.
If the metric in the outer region is that of a black hole, the initial position of
the horizon is at the throat of the single black hole described by eq. (4). Since
the outer region covers only a part of this equivalent black hole, its throat will
generally not be part of the initial space, but as before we can show it by a kind of
analytic continuation as in figure 3b. On later time slices, which are superimposed
on the initial slice in figure 4, the horizon expands and the particles fall toward each
other. The horizon enters the real spacetime at a point on the geodesic between
the particles and spreads out with generally two singular points on that geodesic,
which become smooth when the horizon crosses the particles. Thus this behaviour is
qualitatively similar to that of the Minkowski space (figure 2a). A major difference
is that the size of the horizon becomes constant once it has passed all the particles.

5. Generalizations

The starting ‘point’ of the horizon is not just the point on the line between the
particles where it first appears in sausage time. Every point on that line contributes
at some time a pair of generators (one for each half space) to the horizon. Because
the horizon moves faster than the speed of light along this line, the line of the
horizon’s origin in spacetime is space-like. In a suitably different time slicing the
horizon may therefore appear simultaneously everywhere along the line, and then
spread out in all directions away from it [7], or it may start at one of the masses
and have a singularity at only one point, which then runs to the other mass. (In
fact, this is the case in sausage time if one particle’s mass is sufficiently larger than
the other’s.)
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Figure 4. Three time slices in sausage coordinates of two-particle collapse
and associated horizon, superimposed.

The outer circle represents infinity.

Only the half space is shown, the complete configuration at each time is ob¬
tained by reflection about the horizontal line and identifying the heavy curves
that go to infinity. The two equal-mass particles are indicated by black dots
at successive times 1, 2, 3. The initial, time-symmetric configuration is rep¬
resented by the curves between by the four points labeled 1.

There is no

horizon initially, but the outer geometry, when continued inward without par¬
ticle singularities, is shown by the dotted curves and would have a horizon at
Hi. At the time labeled 2, the particles have approached each other, and the
horizon H2 has already propagated into the actual space and just reached the
particles. In the third configuration, the particles are closer to collision, and
the horizon H3 surrounds the particles, propagating outward toward infinity.
The horizon’s circumference remains constant after the position H2, though
the Poincare disk representation does not show its true size.

In our figures we can replace the geodesics that intersect at one or both of the
particles by ultraparallel ones. Such initial states can be described as a particle
falling into a black hole, or two black holes merging. For two black holes, the horizon
of the final single black hole is always present on an initially time-symmetric surface
[8]. For a black hole and a particle it is at least partially exposed. In the latter
case the initial horizon is not that of the black hole alone, but it has a singularity
and is thus prepared to become smooth by swallowing the particle. For two black
holes (or the more extreme case of a black hole and a particle) the horizon’s future
time development is simply that of the resulting single black hole, with no trace
of it having arisen from a collapse. However, in the past of the time-symmetric
initial surface, the horizon consisted of two separate circular parts, each of which
had singularities that moved toward each other and cancelled after they merged
into a single circle.
If there are more than two particles collapsing to form a black hole, the main
qualitative difference is the pattern formed by the horizon singularities. Let us
follow the smooth, constant curvature horizon backwards in time from some late
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Figure 5. Development of the horizon in the collapse of four particles. The
picture for each of the three times at which the horizon is shown was enlarged
so that the particles appear at constant positions, but it is schematic only
in certain respects. The heavy, V-shaped lines in the outer parts are to be
identified as in previous figures to create the angle deficits. The inner heavy
lines show the paths of the singular points. The lighter curves are stages of
the horizon up to the time when it reaches the particles.

time. It contracts and remains smooth at increasing curvature until it crosses a
particle. After crossing it acquires a discontinuity equal to the particle’s angle
deficit. Such discontinuities propagate and increase inward along geodesics from
each particle. The lines of discontinuity meet in pairs and merge until a single line
with two singularities propagating toward each other that eventually annihilate.
Thus the branching tree pattern of the singularities tell the essential story of the
horizon’s development. An example for the case of four particles is shown in figure 5.
If the point particles are replaced by finite but concentrated matter distribu¬
tions, the singular points of the horizon on space-like surfaces will be replaced by
concentrations of high extrinsic curvature, running along a similar tree pattern.
In the case that the particles have non-zero angular momentum, they never meet
and instead follow periodic orbits in the space between them. With appropriate
initial conditions, they can nevertheless form a black hole, if one follows the usual
custom in 2+1 D AdS geometries to regard as singular only the region of certain
smooth time-like curves. This region has a gap through which the particles can
pass at closest approach, and then separate again, albeit into another Universe, as
is the case for the analytic extension of the Kerr geometry. A case of black holes on
circular orbits has been discussed by DeDeo and Gott [9], and similar configurations
have been recognized as a rotating BTZ wormhole by Holst and Matschull [10]. It
will be interesting to explore the tree pattern of the horizon singularities in such
cases.
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Abstract. We consider here the genericity aspects of spacetime singularities that occur
in cosmology and in gravitational collapse. The singularity theorems (that predict the
occurrence of singularities in general relativity) allow the singularities of gravitational
collapse to be either visible to external observers or covered by an event horizon of gravity.
It is shown that the visible singularities that develop as final states of spherical collapse
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1. Introduction

After the advent of singularity theorems due to Hawking, Penrose and Geroch
in the late nineteen sixties, the role of spacetime singularities as an inevitable
feature of Einstein’s theory of gravitation became clear. Such singularities occur
in cosmology and in gravitational collapse. They also lead to situations where the
gravitational field becomes ultra-strong and grows without any upper bound. The
above-mentioned theorems further prove that the singularities manifest themselves
in terms of the incompleteness of non-space-like geodesics in spacetime.
It is possible that such singularities represent the incompleteness of the theory
of general relativity itself. Further, they may be resolved or avoided when quan¬
tum effects near them are included in a more complete theory of quantum gravity.
Nevertheless, there is a key point here. Even if the final singularity is dissolved by
quantum gravity, what is important is the inevitable occurrence of an ultra-strong
gravity regime, close to the location of the classical singularity, in cosmology as
well as during the dynamical processes involved in gravitational collapse. This af¬
fects the physics of the Universe. An example of such a situation is the big bang
singularity of cosmology. Even though such singularities may be resolved through
either quantum gravity effects [1], or features such as chaotic initial conditions,
the effects of the super ultra-dense region of gravity that existed in the big bang
epoch profoundly influence the physics and subsequent evolution of the Universe.
Similarly, in the gravitational collapse of a massive star, the same theorems predict
the occurrence of singularities which can be either visible to external observers or
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hidden behind the event horizon giving rise to a black hole. In the case of a col¬
lapse process leading to a visible or naked singularity, again the important issue is
how the inevitably occurring super ultra-dense region would influence the physics
outside.
The above discussion does not imply the absence of singularity-free solutions
to Einstein’s equations. There are many examples of such solutions (see e.g. [2]
in this volume). In fact, the Godel Universe is a cosmological model which is
geodesically complete. Also, Minkowski spacetime is the vacuum solution which
is geodesically complete. For an additional discussion of singularity-free models in
general relativity, we refer to [3]. Again, in gravitational collapse, one could start
with a matter cloud which is initially collapsing. However, there could be a bounce
later and the cloud may then disperse away, at least in principle. In such a case,
no spacetime singularity or ultra-strong gravity region needs to form.
Since its derivation in the early 1950s, the Raychaudhuri equation [4] has played
a central role in the analysis of spacetime singularities in general relativity. Prior to
the use of this equation to analyse collapsing and cosmological situations for the oc¬
currence of singularities [5], most works on related issues had taken up only rather
special cases with many symmetry conditions assumed on the underlying spacetime. Raychaudhuri, however, considered for the first time these aspects within
the framework of a general spacetime without any symmetry conditions, in terms
of the overall behaviour of the congruences of trajectories of material particles and
photons propagating and evolving dynamically. This analysis of the congruences
of non-space-like curves, either geodesic or otherwise, showed how gravitational
focusing took place in the Universe, giving rise to caustics and conjugate points.
Before general singularity theorems could be constructed, however, another impor¬
tant mathematical input was needed in addition to the Raychaudhuri equation.
This was the analysis of the causality structure and general global properties of
a spacetime manifold. This particular development took place mainly in the late
1960s (for a detailed discussion, see e.g. [6] or [7]). The work of Penrose, Hawking,
and Geroch then combined these two important features, namely the gravitational
focusing effects due to matter and causal structure constraints following from global
spacetime properties, to obtain the singularity theorems.
We review these developments briefly in §2. We then point out that the main
question here is that of genericity of such spacetime singularities, either in cosmol¬
ogy or in collapse situations. The singularity theorems, while proving the existence
of geodesic incompleteness, by themselves provide no information either on the
structure and properties of such singularities or on the growth of curvature in their
vicinity. Some of these issues, together with the possible avoidance of singularities,
are considered in §3. We then discuss the genericity aspects of visible singularities
in §4. Section 5 contains some concluding remarks.

2. The occurrence of singularities

We discuss here the occurrence of spacetime singularities in some detail within a
general spacetime framework, and point out the crucial role of the Raychaudhuri
equation therein. The basic ideas involved in the proofs of the singularity theorems
are reviewed, and what these theorems do not imply is pointed out.

120

Pramana - J. Phys.,

Vol. 69, No. 1, July 2007

Genericity of spacetime singularities
We observe the Universe today to very far depths in space and time. While
looking deep into space, say for example in diametrically opposite directions, re¬
gions with extremely distant galaxies are seen in each direction. Interestingly, these
regions have quite similar properties in terms of their appearance and the homo¬
geneity in their galactic spatial distribution. These regions are, however, so far
away from each other that they have had no time to interact mutually. That is be¬
cause the age of the Universe since the big bang has not been large enough for such
interactions to have occurred in the past. Thus, within the big bang framework
of cosmology, a relevant question arises: how come these regions have such similar
properties? This is one of the major puzzles of modern cosmology today.
This observed homogeneity and isotropy of the Universe at large enough scales
can be modelled by the Robertson-Walker geometry. The metric of the correspond¬
ing spacetime is given by
ds2 = —d t2 + R2{t)

'

dr2
(1 — kr2)

-hr2 dU2

Here dU2 = d62 -f-sin2 6d(p2 is the metric on a two-sphere. The Universe is assumed
to be spherically symmetric here. There is an additional assumption that the matter
content of the spacetime is homogeneous and isotropic. That is, the matter density
is the same everywhere in the Universe and also looks the same in all directions.
Combining this geometry with the Einstein equations and solving the same, one is
led to the Friedmann solution yielding a description of the dynamical evolution of
the Universe. The latter requires that the Universe must have had a beginning at
a finite time in the past. This is the epoch of the so-called big bang singularity.
The matter density as well as the curvatures of spacetime diverge in the limit of
approaching this cosmological singularity. This is where all non-spacelike geodesics
are incomplete at a point in the past where spacetime comes to an end.
A similar occurrence of the formation of a spacetime singularity takes place when
a massive star collapses freely under the force of its own gravity after the exhaustion
of its nuclear fuel. If the mass of the star is small enough, the latter can stabilize as
a white dwarf or a neutron star as its end-state. However, in case the mass is much
larger, say of the order of tens of solar masses, a continual collapse is inevitable
once there are no internal pressures left to sustain the star. Such a scenario was
considered and modelled by Oppenheimer and Snyder [8], when they considered
a collapsing spherical cloud of dust. Again, according to the equations of general
relativity, a spacetime singularity of infinite density and curvature forms at the
center of the collapsing cloud.
These singularities, after their discovery, were debated extensively by gravitation
theorists. An important question that was persistently asked at this juncture was
the following. Why should these models be taken so seriously when they assume so
many symmetries? Perhaps such a spacetime singularity was arising as a result of
these assumptions and could only occur in such a special situation. In other words,
these singularities could be just some isolated examples. After all, the Einstein
equations
Rab

2 R^ab

^7
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governing the ever present force of gravity, are a complex system of second-order,
non-linear, partial differential equations admitting an infinite space of solutions in
which the models discussed above are isolated examples. In other words, the issue
was the absence of any proof that singularities would always occur in a general
enough gravitational collapse when a massive star dies, or in a generic enough
cosmological model. In fact, there was widespread belief in the 1940s and 1950s
that such singularities would be removed both from stellar collapse and from the
cosmological beginning of the Universe (which are two very important physical
situations, where gravity becomes a dominant force), once assumptions like the dust
form of matter and the spherical symmetry of the model were relaxed and more
general solutions to the Einstein equations were considered. This is where the work
by Raychaudhuri on the gravitational focusing of matter or light in a spacetime,
and that of Penrose, Hawking, and Geroch on the causal structure and global
properties of a general spacetime, the culmination of which were the singularity
theorems, became relevant. These theorems showed that spacetime singularities,
such as those depicted in the above examples, manifested themselves in a large class
of models under quite general physical conditions.
We now outline the basic idea and the chain of logic behind the proof of a typical
singularity theorem, highlighting the role of the Raychaudhuri equation therein.
There are several singularity theorems available which establish the non-space-like
geodesic incompleteness for a spacetime under different sets of physical conditions.
Each of these may be more relevant to one or the other specific physical situation,
and may be applicable to different physical systems such as stellar collapse or the
Universe as a whole. However, the most general of these is the Hawking-Penrose
theorem [9], which is applicable to both the collapse situation and the cosmological
scenario. Let us first briefly describe the main steps in the proof of this theorem.
Using causal structure analysis, it is first shown that between certain pairs of events
in spacetime there must exist time-like geodesics of maximal length. However, from
both causal structure analysis and the global properties of a spacetime manifold
M (which is assumed to satisfy the generic condition as well as a specific energy
condition), it follows that a causal geodesic, which is complete with regard to both
the future and the past, must contain pairs of conjugate points where the nearby
null or time-like geodesics intersect. One is then led to a contradiction because
the maximal geodesics mentioned above cannot contain any conjugate points, the
existence of which would be against their maximality. Thus M itself must have
non-space-like geodesic incompleteness. We restate the theorem more carefully and
accurately below.
A spacetime (M,g) cannot be time-like and null geodesically complete if the
following are satisfied:
(1) RijKlRi > 0 for all non-space-like vectors Kx\
(2) the generic condition is satisfied, that is, every non-space-like geodesic contains
a point at which K^R^^K^R6Kl
0, where K is the tangent to the non-spacelike geodesic;
(3) the chronology condition holds, and
(4) there exists in M either a compact achronal set without edge, or a closed trapped
surface, or a point p such that for all past directed null geodesics from p, eventually
the expansion parameter 6 must be negative.
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The first condition above is an energy condition. All classical fields have been
observed to satisfy a suitable positivity of energy requirement. The second condi¬
tion is a statement that all non-space-like trajectories do encounter some non-zero
matter or stress-energy density somewhere during their entire path. The third is a
global causality requirement to the effect that there are no closed time-like curves
in the spacetime. Finally, in the last condition above, the first or the second part
corresponds to a gravitational collapse situation, whereas the last part corresponds
to gravitational focusing within a cosmological framework, where 0 denotes the ex¬
pansion for the congruence of non-space-like curves. If any of these conditions are
satisfied then the theorem can go through.
The main idea of the proof is that one shows that the following three conditions
cannot hold simultaneously: (a) every inextendible non-space-like geodesic contains
pairs of conjugate points, (b) the chronology condition holds, (c) there exists an
achronal set S in spacetime such that E+(S) or E~(S) is compact.
In the above, for any set <S, the future of the set is denoted by I+(S), which is the
set of all those points which can be connected by future-directed time-like curves
from any point in S. The past of a set, denoted by I~ is defined similarly dually.
An achronal set is a set of spacetime events, of which no two are chronologically
related. The set E(S) here denotes the edge of S which is a set of all points x £ S
such that every neighbourhood of x.contains y £ I+(x) and z £ /“(a;), such that
there is a time-like curve that does not meet S.
If the above is shown then the theorem is proved, because the condition (3) is
same as (b), the condition (4) implies (c), and conditions (1) and (2) imply (a).
First, we note that (a) and (b) imply the strong causality of the spacetime (see
Proposition 6.4.6 of [5]). Strong causality is a causality condition stronger than the
chronology which rules out the occurrence of closed time-like curves, and ensures
that once a time-like path has left an event in the spacetime, it cannot return in
the arbitrary vicinity of the same.
While for further details and definitions, we refer to [5] or [6], in the following
we give a brief outline of the main argument for the proof. It can be shown that
if S is a future trapped set, which essentially means that no non-space-like paths
escape its own future, and if strong causality holds on /+(<S) then there exists a
future endless trip 7 such that 7 C Int D+(E+(j)). Here the set D+ denotes the
future domain of dependence for a set. Now, one defines T = J~(7) fl E+(S), then
T turns out to be past trapped and hence there exists A, a past endless causal
geodesic in Int(D~(E~(T)). Then one chooses a sequence {a*} receding into the
past on A and a sequence {<7} on 7 to the future. The sets J~(ci) fl J+(cq) are
compact and globally hyperbolic. So there exists a maximal geodesic /,q from a*
to Ci for each i. The intersections of pi with the compact set T have a limit point
p and a limiting causal direction. The causal geodesic p with this direction at p
must have a pair of conjugate points. This is then shown to be contradictory to
the maximality property of the geodesics stated above.
The Raychaudhuri equation plays a key role in the above argument. It implies
the occurrence of conjugate points on the null or time-like geodesics under consider¬
ation. To state this in a somewhat different way, let us suppose that the spacetime
manifold M is non-space-like geodesically complete. In that case, causal struc¬
ture and the causality as well as regularity assumptions imply that there must exist
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maximal non-space-like geodesics between certain pairs of spacetime points or along
the non-space-like geodesics which are orthogonal either to a space-like hypersurface
or to a trapped spacetime surface. However, a suitable energy condition, such as
the weak energy condition given by TabVaVb > 0, together with Einstein equations,
implies that RatVaVb > 0, which in turn implies from the Raychaudhuri equation
that conjugate points must develop along these maximal length geodesic trajec¬
tories. This contradicts the statement, dictated by causal structure requirements,
that maximal geodesics cannot contain any conjugate points.

3. Singularity avoidance

It would be quite attractive if one could avoid any such singularity at the classical
level itself. Efforts were made in that direction after singularities had been found
in the special cases of FRW cosmologies and the Schwarzschild solution related to
gravitational collapse. It was believed that, by going to situations which did not
require those exact symmetries, one might get rid of spacetime singularities alto¬
gether. However, as discussed above, the singularity theorems show that this is
not possible. Once we accept that geodesic incompleteness represents a genuinely
singular behaviour, the only way to avoid spacetime singularities at a purely clas¬
sical level within the framework of Einstein gravity would be to somehow break or
violate one of the assumptions or conditions which have been used in proving these
theorems. Let us consider this possibility in some detail. The assumptions used
in proving various singularity theorems fall mainly into three classes, as pointed
out above. The first is a reasonable causality condition on spacetime; it ensures an
overall well-behaved global behaviour for the Universe. The second is some suit¬
able energy condition that emphasises the positive nature of the energy density of
classical matter fields. The final assumption is the occurrence of a suitable focusing
effect in spacetime, as caused by the presence of matter fields. This occurrence
is typically in the form of trapped surfaces present in situations of gravitational
collapse or a suitable overall focusing in the cosmological situation.
First, consider a possible violation of the causality condition. Note that the
Einstein equations as such do not demand causality of spacetime as a whole. In
fact, they impose no constraints on the global topology of spacetime. Hence, with¬
out breaking any consistency requirements, one could consider causality violating
spacetimes and see if somehow the occurrence of spacetime singularities could be
avoided there. This issue has been analysed in some detail. It turns out that if
causality is violated in any finite region of spacetime, that in its own right causes
spacetime singularities in the form of geodesic incompleteness [10,11]. These results
show that the occurrence of closed time-like lines in any finite region of spacetime
necessarily causes singularities there. One could of course preserve causality in the
Universe by disallowing closed non-space-like curves, but still admitting higherorder causality violations. The latter can occur from time-like paths coming back
to arbitrarily close neighbourhoods of an event that they had left. Or, a spacetime
(.M,g) could be causal, but allowed to admit closed time-like curves with the slight¬
est perturbation of the metric. This last situation is described as a violation of the
stable causality condition. The above results show that such higher-order causality
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violations also give rise to spacetime singularities. One may then conclude that
violating causality is not an effective alternative means to avoid spacetime singu¬
larities. Of course, as noted earlier, the Godel Universe is geodesically complete
and violates causality at every event of spacetime. So there might be a possibility
that the violation of causality, introduced at every point of spacetime, may be able
to avoid any singularity. However, such a Universe itself would be quite ‘singular’
in some sense. Indeed, because of this and other unphysical features, the Godel
Universe has never been regarded as a suitable model [5].
The second alternative, of violating the energy condition, has again been investi¬
gated in some detail (see e.g. [10] for a discussion on this). The essential conclusion
here has been the following. So long as this condition, even if violated locally,
holds in a spacetime averaged sense, the existence of singularities in the form of
non-space-like geodesic incompleteness would be implied. Only if one violates the
energy condition for almost all the events in the Universe making the energy density
an overall negative quantity, could one avoid any possible singularity. This does not
look to be physically achievable, at least for classical fields. So one could conclude
that the violation of the energy condition does not offer an effective alternative
in avoiding spacetime singularities. In other words, local violations of the energy
condition do not affect the occurrence of singularities. Furthermore, no physical
mechanisms have been observed or known which may allow such a violation of the
energy condition in the Universe.
This brings us to the final and most important alternative, namely that of avoid¬
ing sufficient gravitational focusing in spacetime by breaking condition (4) above
in the proof of the singularity theorem. This would amount to disallowing the for¬
mation of any trapped surfaces in gravitational collapse and similarly not having
enough convergence in a cosmological scenario. Basically, if one wants to avoid all
trappings, without violating the energy condition, the only option would be to have
very little matter and stress-energy density, so that light rays just avoid getting
sufficiently focused. This is the direction that some recent works appear to point to
2,12]. Similar results were obtained earlier, showing that if the space-like surfaces
rave sufficient matter in some non-vanishing average sense, then all non-space-like
trajectories would be incomplete in the past [13,14]. For example, if the microwave
background radiation is taken to be universal and also to have a global minimum
in its energy density over a space-like surface, that will cause the necessary conver¬
gence; all non-space-like trajectories will then be incomplete in the past. Thus the
avoidance of trapped surfaces or cosmological focusing would be one way not to
have space-time singularities. However, if trapped surfaces did form in spherical or
other more general gravitational collapse processes, the occurrence of singularities
will be a generic phenomenon. We can elaborate this last point. Let such trapped
surfaces develop as the collapsing system evolves dynamically. Could we generalize
these conclusions for a non-spherically symmetric collapse? Are they valid at least
for small perturbations from exact spherical symmetry. By using [5] the stability
of Cauchy development in general relativity, one can show that the formation of
trapped surfaces is a stable feature when departures from spherical symmetry are
taken into account. The argument goes as follows. Consider a spherically symmet¬
ric collapse evolution from given initial data on a partial Cauchy surface 5. Then
trapped surfaces T are found to form in the shape of all spheres with r < 2m in the
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exterior Schwarzschild geometry. The stability of Cauchy development then implies
that, for all initial data sufficiently near the original data in the compact region
J+{S) fl J“(T), trapped surfaces must still occur. The curvature singularity of a
spherical collapse also turns out to be a stable feature as implied by the singularity
theorems discussed above. The latter shows that closed trapped surfaces always
imply the existence of a spacetime singularity under reasonably general conditions.
In this sense, such singularities, when they occur, are really generic.

4. Genericity of naked singularities in spherical collapse

The above consideration points to a wide variety of circumstances under which
singularities develop in general relativistic cosmologies and in many gravitational
collapse processes. Singularity theorems imply the existence of vast classes of solu¬
tions to the Einstein equations that must contain spacetime singularities, as char¬
acterized by the conditions of these theorems, and of which the big bang singularity
is one example. These theorems therefore imply that singularities must occur in
Einstein’s theory quite generically, i.e. under rather general physically reasonable
conditions on the underlying spacetime. Historically, this implication considerably
strengthened our confidence in the big bang model which is used extensively in
cosmology today.
As mentioned earlier, the singularities are predicted to be either visible to ex¬
ternal observers or hidden inside the event horizons of gravity. This is related to
the causal structure in the vicinity of the concerned singularity and is particularly
relevant to realistic gravitational collapse scenarios and to the basics of black hole
physics. However, the singularity theorems provide no further information. Yet,
we need more information on the structure of the singularities in terms of their vis¬
ibility, curvature strengths and other such aspects. What is therefore called for is
a detailed investigation of the dynamics of gravitational collapse within the frame¬
work of Einstein’s theory. Extensive investigations have been made in the past
couple of decades or so from such a perspective. These have dealt with dynamical
gravitational collapse, mainly for spherical models but also in some non-spherical
cases, investigating the structure and visibility of the concerned singularities. De¬
pending on the initial conditions and the types of evolution of the collapse process
allowed by the Einstein equations, the singularities of collapse can be either visible
or covered (see, for example, [15-20] for some recent reviews and further references).
For a detailed discussion of the gravitational collapse of radiation shells within a
Vaidya metric and the related black hole and naked singularity geometries, we refer
to [7].
Based on the work on spherical gravitational collapse done in [21-23], we consider
here the genericity of naked singularities forming in such a process. Given the data
on the initial density and pressure profiles of the collapsing cloud, classes of solutions
to Einstein equations have been constructed which evolve to either a visible or a
covered singularity, subject to the satisfaction of regularity and energy conditions.
In other words, given the initial matter data on a space-like surface from which
the collapse of the massive matter cloud evolves, the rest of the free functions,
such as the velocities of the collapsing shells as well as the classes of evolution,
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can be chosen as allowed by the Einstein equations, subject to an energy condition
and suitable regularity conditions. The latter take the collapse either to a black
hole or a naked singularity in the final state, depending on the choice made. The
basic formalism here can be summarized as follows. The form of matter considered
is quite generic, which is any Type-I general matter field subject to an energy
condition [5]. In the case of a black hole developing as the end-state of collapse, the
spacetime singularity is necessarily hidden behind the event horizon of gravity. In
contrast, a naked singularity develops when families of future directed non-spacelike trajectories come out from the singularity. These trajectories can in principle
communicate information to faraway observers in the spacetime. The existence of
such families confirms the formation of a naked singularity, as opposed to a black
hole end-state.
The eventual singularity, which is the singularity curve produced by the collapsing
matter, is what we study. We show here that the tangent to this curve at the
central singularity at r = 0 is related to the radially outgoing null geodesics from
the singularity, if any. By determining the nature of the singularity curve and
its relation to the initial data and the classes of collapse evolution, we are able
to deduce whether the formation of any trapped surface during the collapse takes
place before or after the singularity. It is this causal structure of the trapped region
that determines the possible emergence or otherwise of non-space-like paths from
the singularity. That then settles the final outcome of the collapse in terms of
either a black hole or naked singularity. Several familiar equations of state for
which extensive collapse studies have been made, such as dust or matter with only
tangential or radial pressures and others, are special cases of our consideration.
The spacetime geometry within the spherically symmetric collapsing cloud is
described by the general metric in the comoving coordinates (t, r, 9, (f>) as
ds2 = -e2l/d t2 + e^dr2 + R2 (f, r) dfl2,

(3)

where dfi2 is the line element on a two-sphere. The matter fields, considered by
us, belong to a broad class, called Type-I, where the energy-momentum tensor has
one time-like and three space-like eigenvectors. This general class includes most
physically reasonable matter, including dust, perfect fluids, massless scalar fields
and such others. The stress-energy tensor for this class is given in a diagonal form:
T/ = — p,Trr = Pr,TH =
— pq. Here p, pr and pe are the energy density, the
radial pressure and the tangential pressure respectively. We also take the matter
field to satisfy the weak energy condition. This means that the energy density
measured by any local observer must be non-negative. So, for any time-like vector
V*, one must have TikVlVk > 0. The latter amounts to taking p > 0, p -f pr >
0, p + pe >0. Now, for the metric (3), Einstein equations take the form (in the
units SnG — c— 1):
F

F'
P= R2R'

’

Pr = -

, _ 2(pe - Pr) R' _
p F Pr

R

RPR1
Pr
p + Pr ’
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G
■ H'
-2R' + R'- +R-G

= 0,

H

G-H = 1-|,

(7)

where we have defined G(t,r) = e~2^(R')2 and H(t,r) — e~2u(R)2.
The arbitrary function F = F(t,r) has the interpretation of the mass function
for the cloud, giving the total mass in a shell of comoving radius r. The energy
condition implies that F > 0. In order to preserve regularity at the initial epoch,
we need to take F(ti, 0) = 0, i.e. the mass function must vanish at the center of
the cloud. As seen from eq. (4), there is a density singularity in the spacetime at
R — 0, and one at R' = 0. However, the latter is due to shell-crossings and can be
possibly removed [24] through a suitable extension of the spacetime. In any case,
we are interested here only in the shell-focusing singularity at R — 0. This is a
physical singularity where all the matter shells collapse to a zero physical radius.
We can use the scaling freedom available for the radial coordinate r to write R — r
at the initial epoch t = G from where the collapse commences. Introducing the
function v(t,r) by the relation
R{t,r) = rv(t,r),

(8)

we have u(G,r) = 1 and v(ts(r),r) — 0. The collapse situation is now characterized
by the condition v < 0. The time t = ts(r) corresponds to the shell-focusing
singularity R = 0 where all the matter shells collapse to a vanishing physical radius.
From the standpoint of the dynamic evolution of the initial data, prescribed at the
initial epoch t = G, there are six arbitrary functions of the comoving shell radius r
as given by, v(U,r) = i/0(r),#i,r) = ipo(r), R(U, r) = rp(U,r) = Po(r),pT(U,r) =
pro(r), pe(U,r) — poQ. We note that not all of the initial data above are mutually
independent, because from eq. (5) one gets a relation that gives the initial function
vq (r) in terms of the rest of the other initial data functions. The initial pressures
should have a physically reasonable behaviour at the center (r = 0) in that the
pressure gradients should vanish there, i.e. p'To(0) = p^o(0) = 0, and also the
difference between the radial and the tangential pressures needs to vanish at the
center, i.e. pro(0) ~~ Pe0(^) — 0- These conditions are necessary to ensure the
regularity of the initial data at the center of the cloud. It is then evident from eq.
(9) that i'o(r) has the form
Mr)

=

r2g{r),

(9)

where g(r) is at least a C1 function of r for r — 0, and at least a C2 function for
r > 0. We see that there are five total field equations with seven unknowns, p, pr,
pe, ip, v, R, and F. Thus we have the freedom to choose two free functions. In
general, their selection, subject to the weak energy condition and the given initial
data for collapse at the starting surface, determines the matter distribution and the
metric of the spacetime, and thus leads to a particular time evolution of the initial
data.
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Let us construct the classes of solutions to Einstein equations which give the
collapse evolution from the given initial data. Consider first the general class of
mass functions F(t, r) for the collapsing cloud. These are given as
F(t,r) = r3M(r,v),

(10)

M. being any regular and suitably differentiable general function without further
restrictions. It turns out from equations given below that the regularity and finite¬
ness of the density profile at the initial epoch t — ti requires F to go as r3 close
to the center. It follows that the form of F above is not really any special choice,
but is in the general class of mass functions consistent with the collapse regularity
conditions. Equations (4) yield
M,v

3A4 T r [AAT
P=

Pr

v2(v + rv')

V4

(11)

Thus the regular density distribution at the initial epoch is given by po(r) =
3M.fr, 1) + rM.fr, l)jr. It is evident in general that, as v —> 0, p —> oo and pr —> oo,
i.e. both the density and the radial pressure blow up at the singularity. One can,
in fact, show the following. Given any regular initial density and pressure profiles
for the matter cloud from which the collapse develops, there always exist velocity
profiles for collapsing matter shells as well as classes of dynamical evolutions, as
determined by the Einstein equations, which lead to a naked singularity or a black
hole as the end-state of collapse, depending on the choice of the class.
We now provide classes of solutions to Einstein equations to this effect. Consider
the class of velocity profiles as determined by the general function

(12)

v — Aft, R),

where A(t,R) is any arbitrary, suitably differentiable function of t and R, with the
initial constraint A(t{,R) = vq fr). Using (12) in (6), we have
G(t,r) = b(r)e2^A / A,i

d t)

(13)

Here bfr) is another arbitrary function of r which emerges on integrating the Ein¬
stein equations. A comparison with dust models enables one to interpret bfr) as
the velocity function for the shells. From eq. (9), the form of Aft,R) is seen
to be Aft,R) — r2g\fr,v), where g\fr,v) is a suitably differentiable function and
gl{r, 1) = gfr). Similarly, we have A - f Ajdt — r2g2(r,v) and at the initial epoch
g2{r, 1) = gfr). Using (12) in (5), we obtain
2 Pe — RA,r(p + Pr) + 2pr +

Rp'r

R'

(14)

In general, both the density and the radial pressure are known to blow up at the
singularity. However, the above equation implies that the tangential pressure also
does the same.
Writing
bfr) = 1 + r2b0(r)
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and using eqs (10), (12) and (13) in (7), we are led to
V'RR = -er29l<r'v)y/(l +r260)#er2«('-.>') - R + r*M.

(16)

Since we are considering a collapse situation, we have R < 0. Defining a function
fi(r, v) as
_ i
h(r,v) = -—-=2 g2(r,v) + 0(r2v~)
P2r2g2{r,v)

(17)

and using (17) in (16), we obtain after some simplifications:
y/vi) — — yje/^2(91+92)vb0 -j- Q2r2gi (yh(r, v) + A4(r, v)).

(18)

Integrating the above equation we have

t(v,r) = f
JV

y/v&v
y/e2r2(9i+92)vb0

4-

e2r2gi (yfr

+

(19)

Note that r is treated as a constant in the above integration. Expanding t(v,r)
around the center, we have
t(v, r) = t(v, 0) + rX(v) + 0(r2),

(20)

where the function X (v) is given by

X(v) = -\J d?;

y/v(b\V + vhi(v) + M\(v))

(21)

(b00v + vh0(v) + M0(v))3/2

with, 600 = 60(0), M0(v) = M(0,u), h0 = h(0,v), 61 = 6q(0), Mi(u) = M,r(0,v)
and hi = h>r(0, v).
From the above, the time when the central singularity develops is given by
y/vdv

hjO —
'0

(22)

y/boov + vh0(v) + Mo(v)

The time for other shells to reach the singularity can be given by the expansion
ts(r) = tSo + rX( 0) + 0(r2).

(23)

It is now clear that the value of T(0) depends on the functions bo,M and h, which in
turn depend on the initial data at t — ti and on the dynamical variable v that evolves
in time from a value v = 1 at the initial epoch to v = 0 at the singularity. Thus,
a given set of initial matter distribution and the dynamical- profiles including the
velocity of shells completely determine the tangent at the center to the singularity
curve. Equations (17)—(19), lead to
y/vv1 — X(v)\JbooV + vh0(v) + Mo(v) + 0(r2).
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The end-state of collapse, in the form of either a black hole or a naked singularity, is determined by the causal behaviour of the apparent horizon, which is the
boundary of trapped surfaces forming due to collapse, and is given by R = F. If
the neighbourhood of the center gets trapped prior to the epoch of singularity, then
it is covered and a black hole results. Otherwise, it would be a naked singular¬
ity with the non-space-like future directed trajectories escaping from it. It is then
to be determined if there are any families of future directed non-space-like paths
emerging from the singularity. To see this as well as to examine the nature of the
central singularity at R — 0, r = 0, one has to consider the equation
dt

(25)

dr

for outgoing radial null geodesics. For a further discussion on this, we refer to
[21-23]. The main result that follows from this is that if the quantity T(0) is pos¬
itive, one indeed gets radially outgoing null geodesics coming out from the central
singularity, which then has to be naked. However, if T(0) is negative, we have a
black hole solution, since there are no such trajectories coming out. If T(0) van¬
ishes, then we have to take into account the next higher-order non-zero term in the
singularity curve ts(r), and a similar analysis can be carried out.
In the above discussion, the functions h and M have been expanded in r around
r — 0 and only the first-order terms have been retained. The key point here is that
the functions chosen for the classes of collapse evolution from the given initial data
are such that the eventual singularity curve ts(r) is expandable at the center r = 0,
at least to first order. The well-known and extensively studied example of dust
collapse (see e.g. [25] and references therein) does satisfy this feature. It thus forms
a special sub-class of the above classes of solutions for spherical collapse. Various
other collapse models studied earlier, such as collapse with a non-zero tangential
pressure and others also satisfy such a behaviour of the singularity curve. For a
detailed discussion of the differentiability conditions on the functions involved and
of the classes of models that satisfy these, we refer to the papers cited above. The
treatment given here applies to general classes of functions with the minimum dif¬
ferentiability conditions. However, in discussions of collapse these are sometimes
assumed to be analytic and expandable with respect to r2 with the argument that
such smooth functions are physically more relevant. Such assumptions are in fact
due to computational convenience, though one can mathematically exploit the free¬
dom of definition and choice available. The formalism, outlined above, would of
course work for such smooth functions, which constitute a special case of what has
been considered. Consequently, one can have a smooth and differentiable singular¬
ity curve.
We thus see how the initial data determine the black hole and naked singularity
phases as collapse end-states in terms of the available free functions. This happens
because the quantity T(0) is determined by these initial and dynamical profiles, as
given by (21). It is clear that, given any regular density and pressure profiles for
the matter cloud from which the collapse develops, one can always choose velocity
profiles such that the end-state of the collapse would be either a naked singularity
or a black hole, and vice versa. It is interesting to note here that physical agencies,
such as the spacetime shear within a dynamically collapsing cloud, could naturally
give rise to such phases in gravitational collapse [26]. In other words, such physical
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factors can naturally delay the formation of any apparent horizon and trapped
surfaces.
As stated above, we have worked here with the Type-I matter fields. This is a
rather general form of matter which includes practically all known physically rea¬
sonable fields such as dust, perfect fluids, massless scalar fields and so on. However,
note that we have assumed no explicit equation of state relating the density and
pressure variables. Assuming a specific equation of state will fully close the system,
all the concerned functions being then determined as a result of the development
of the system from the initial data. We presently have little idea about the kind of
equation of state that the matter should follow. This is particularly true when the
matter is close to the collapse end-state, where we are dealing with ultra-high den¬
sities and pressures. One might as well be allowed to freely choose the property of
the matter fields, as done above. It is nevertheless important to make the following
point. The analysis given above does include several well-known classes of collapse
models and equations of state. We had a choice of two free functions available and
constructed general classes of collapse evolution using the mass function F(r, v)
and the metric function is. Suppose now that, in addition to Einstein equations, an
equation of state of the form pr — f(p) (or alternatively, pg — g{p)) is given. Then,
as evident from eq. (4), there would be a constraint on the otherwise arbitrary
function j\4, specifying the required class, provided a solution to the constraint
equation exists. Then the value of pg (or pr) gets determined in terms of p(t,r)
from eq. (5), and the analysis for the black hole and naked singularity phases goes
through as above.
For example, in the case of collapsing dust models, we have
Pr = Pe = 0

(26)

and the constraint equation yields
M(r, v) — M(r).

(27)

Next, for collapse with a constant (or zero) radial pressure, but with an allowed
variable tangential pressure, the constraint equation leads to
M(r,v) = f(r) - kv3,

(28)

where k is the value of the constant radial pressure. The tangential pressure will
then be given by
Pd = k + ^AyRR(p + k).

(29)

Along with these two well-known models, the analysis works for any other model in
which any one of the pressures is specified by an equation of state and which permits
a solution to the constraint equation on M. This provides some insight into how
these black hole and naked singularity phases come about as collapse end-states.
The above results provide us with information on the genericity aspects of naked
singularities developing as the final states of spherical collapse. Consider a specific
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collapse evolution for which the quantity T(0) is positive, leading to the formation
of a naked singularity as the end-state. As noted earlier, this value is decided
by the initial density and pressure profiles and the class of dynamical evolutions as
determined by the Einstein equations. The initial velocity profiles for the collapsing
shells are controlled by the function bo(r) and the collapse evolutions Ai(r,v) and
h(r, u), which in turn depend on the initial data at t — ti and the dynamical
variable v. Hence, by continuity, any arbitrarily small variation in any of these
parameters will continue to yield a value for T(0) which is again positive. Thus if
a collapse evolution creates a naked singularity, any sufficiently small variation in
the initial matter and velocity profiles for the collapsing shell, or small variations in
the dynamical evolutions functions will still preserve the final outcome of a naked
singularity. In this sense the naked singularities of spherical collapse turn out to be
completely generic.
We paraphrase the basic result discussed in this article. Given a starting set of
regular data in terms of the density and pressure profiles at the initial epoch from
which the collapse develops, there are sets of dynamical evolutions, and velocity
profiles for the collapsing cloud, i.e. classes of solutions to the Einstein equations,
which can evolve the given initial data to produce either a black hole or a naked
singularity as the collapse end-state. The exact outcome depends on the choice of
the rest of the free functions available. Indeed, the space of initial data can be
divided into two distinct subspaces: one containing those that evolve into black
holes and another containing those that lead to naked singularities. The latter are
generic in the sense described above. In a way this brings out the stability of these
collapse outcomes with respect to perturbations in the initial data set and in the
choice of collapsing matter fields.

5. Concluding remarks

In this article we have discussed genericity aspects of spacetime singularities. It is
seen that in Einstein gravity they occur generically, whether covered within event
horizons or as visible to external observers. This is a consequence of the singularity
theorems which make crucial use of the Raychaudhuri equation. It is possible that a
future quantum theory of gravity may remove or resolve the final singularity of col¬
lapse or the initial one in cosmology. In such a scenario, what matters physically are
the regions of ultra-strong gravity and spacetime curvature that develop as a result
of the accompanying dynamical gravitational processes. This is true even if the very
final singularity is removed through quantum effects. The following physical pic¬
ture then emerges. Dynamical gravitational processes proceed and evolve to create
ultra-strong gravity regions in the Universe. Once these form, strong curvature and
quantum effects both come into their own in these regions. Quantum gravity then
takes over and is likely to resolve the final singularity. Particularly interesting is
the case when the singularities of collapse are visible. In such a situation, quantum
gravity effects, taking place in those ultra-strong gravity regions, will in principle be
accessible and observable to external observers. The consequences are likely to be
intriguing [27].
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Abstract. We generalise the Raychaudhuri equation for the evolution of a self gravitat¬
ing fluid to include an Abelian and non-Abelian hybrid magneto fluid at a finite temper¬
ature. The aim is to utilise this equation for investigating the dynamics of astrophysical
high temperature Abelian and non-Abelian plasmas.
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1. Introduction

It is perhaps one of the finest tributes to the simplicity and elegance of Einstein’s
theory of gravitation and to the human spirit that a laboratory scientific assistant,
who later became a teacher sitting in Kolkata, was able to conceive the equation
for the evolution of a gravitating fluid now known as Raychaudhuri’s equation [1].
The equation served as a lemma for the Penrose-Hawking singularity theorems and
for the study of exact solutions in general relativity [2,3]. It provides a simple
validation of our expectation that gravitation should be a universal attractive force
between any two particles in general relativity [4]. This equation has stood the test
of time and has been generalised in many ways. It has found applications in modern
theories of strings and membranes [5,6]. We attempt a more modest generalisation
to tackle the statistical properties of a hot astrophysical plasma. This may be an
electromagnetic or a chromomagnetic (quark gluon) plasma. We are guided here by
a recent formalism that has been used to investigate the dynamics of a hot charged
fluid in terms of a hybrid magneto-fluid [7]. The changes brought about to the
Raychaudhuri equation by the introduction of statistical attributes associated with
finite temperature are many and interesting. We illustrate some of these changes
in the context of the evolution of gravitating non-Abelian plasmas [8] in the early
Universe.

137

Chandrasekher Mukku, Swadesh M Mahajan and Bindu A Bambah
2. Raychaudhuri’s equation for a ‘unified’ charged gravitating fluid

For a congruence of time-like vectors
the standard Raychaudhuri equation can
be written down in the following form [9]:

0 =

—Fa^.au1 +
m

’

m

n9Ta - EASES'30 -

Uga0n9l3a

-i©2-87r (t^-^tg^U^Ur

(1)

With our notation, (U^U^1 — — 1), the limit F^u —> 0 is the (geodesic) Raychaud¬
huri equation. For a geodesic congruence, Y,gaf3 = \(Ua-p -f Ug]a) — \U1-1{g0cg +
UaU0) is a symmetric, tracefree tensor and is called the shear tensor, ft9ap —
\(Ua-g ~ Up-a) is called the vorticity tensor and 0 = Ua-a is called the expan¬
sion scalar. Also, Einstein’s equations have been used to replace the Ricci tensor
by the energy-momentum tensor.
For the use of the Raychaudhuri equation to describe astrophysical plasmas in
which gravitational effects are compatible with the fluid attributes, we have to
account for the temperature and pressure of the fluid. For this, we incorporate
into a small volume element of the fluid a statistical factor / which represents
a temperature-dependent statistical attribute of the fluid, and is related to the
enthalpy h, the scalar density in the rest frame n and the mass m of the fluid
particles by the relation h — mnf(T). When one does the kinetic theory of high
temperature plasmas, f(T) seems to emerge as the most useful variable to repre¬
sent temperature effects. For relativistic plasmas, h = mnKs(ms/T)/K2(ms/T)
and f(T) is purely a positive function of temperature. The velocity vector of the
fluid is obtained as the average velocity of this small volume of the fluid and is
written as V^ = fUThis drastically alters the character of the terms in the
evolution equation. For example, now
— — /2, in contrast with
= — 1,
and, unlike UaUa-g = \(UaUa)]p — 0, now VaVa.p — —fdpf. These terms sig¬
nificantly change the spatial terms of the Raychaudhuri equation and necessitate a
generalisation to account for these statistical factors. Indeed, this statistical limit
for the fluid velocity [7], unlike the particle limit, provides a natural factor for pro¬
ducing acceleration forces from within the fluid due to pressure and temperature
gradients. In the unified magnetofluid picture one can write the equation of motion
of a magneto-fluid with entropy a as

Tdvo - gM^U^

(2)

where
M^v -

+

(3)
9

and
■V =

d„(fuv) -

(4)

are antisymmetric second rank ‘flow’ tensors defined in [7]. In this sense, MnU rep¬
resents an anti-symmetric ‘unified’ field-flow tensor constructed from the kinematic
(U*1), statistical (/(T)) and electromagnetic {F^u) attributes of the magneto-fluid.
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While the statistical factors provide us with additional acceleration terms which
alter the purely spatial character of the shear and vorticity tensors, there are some
relations that remain unaltered. A trivial example is that
remains orthogonal
to the hypersurface with metric hap defined as the projector hap = gap + UaUp.
We notice that
= (/^;a+^/;a);/J

= /;/3^;a + U^fia + U»fM3 + fU»,ap.

(5)

It is easy to see that anti symmetrization in indices a, ft allows us to write

v*,afi - V^.pa = f(U».a(3 + U»#a) = fRV'aapU* = R\«pV\

(6)

and its character is unchanged in the transition to a hot fluid.
The question that arises now is the following. Is it possible to define the gener¬
alizations of the standard definitions of the shear and vorticity tensors in a similar
manner, and can they be constructed to be purely spatial tensors?
Let us decompose, following the standard procedure, Bap = Va.p into its irre¬
ducible parts:
Ba/3 —

Sa(3 +

+ ~0ha/3 +

(7)

yVadpf.

The trace of Bap defines the expansion scalar 0 via
Baa = Q+jVadaf = V%,
where we have assumed that the generalized shear tensor
traceless. If we now define

(8)
is symmetric and

ta0 = \{Va;H + V0,a) - l-QK0 - T(Vadpf + Vpdaf),

(9)

then its trace
£% =

-

0

- jV^f

(10)

goes to zero, because of eq. (8); the trace-free condition also reproduces the required
definition of 0.
The generalised vorticity tensor flap may also be written as

fW = \(Va;0 - V0ia) - ff{Vad0f - Vfidaf).

(11)

We see that the tensor S^u defined in eq. (4) allows us the following identification:

Ua0 = \s0a - fj(Vad0f - vpaaf).
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From an earlier work, we know that the gradient of /, for a perfect fluid, is related
to the pressure gradient and to Lorentz force from the presence of an electromag¬
netic field [7]. So, unlike the standard particle picture of the shear and vorticity,
the unified picture of shear and vorticity automatically includes accelerations com¬
ing from the internal forces of the fluids. This in turn ensures that the shear is
now not a purely spatial tensor and the vorticity tensor behaves in a similar man¬
ner. It is the sum of the shear and vorticity tensors that leads us to the following
simplification:

va(£a0 + £ia0)

= o.

(13)

This implies that
VaBa0 = 0

(14)

and
Ba0V0 = (ta0 + na0 + jVad0f) V0 =

va.0v0

= 14.

(15)

The decomposition of Va-p into its irreducible components can therefore be writ¬
ten as

f/a;/3 — Bap — Saf5 T &a(3 T

f-

(16)

So, while the generalized expansion scalar, shear and vorticity tensors show evidence
of internal fluid forces, the tensor, Bap = Va;p itself shows similarity with the
original tensor, Bap — Ua-p.
From the definitions of @, E^ and
the following equations relate the scalar
of expansion, shear and vorticity for a geodesic congruence in the particle view to
those in the unified view of gravitating fluids with acceleration forces:

e = /e,
%v

= /E*

which then imply
= fB^ + Vpdv In /.

(18)

In analogy with the derivation of the standard Raychaudhuri equation [1], if we
consider the parallely transported Bapn — Fa;/g7, then from eq. (6), we get
Ba^

=

(Va.lPV^ - Raa^V^)

=
= (Va);/3

-

VayyVItf - Raa1pVaV1)

- BaiB^ - Raa1pVaV1).

Taking the trace over the indices a/3 and using eq. (8) we have
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(0 +

= (V“;Q - BaiB~<a - R^V).

We now use Einstein’s equation to get

w

Q + jV^d^

Va:a - BagB^a - 8tt f t fl U

(21)

\tg„„ ) V»V'

The acceleration forces are two-fold, one coming from the EM forces within the
fluid and the second from the fluid forces themselves (pressures, etc.). To examine
what these are, we return to the equation of motion for a fluid with entropy a in
the unified picture eq. (2) and use the fact that
V = MfiTWv) - a,(/(ZW =

- U;-

(22)

For an isentropic fluid,
U^d^a =

= 0.

(23)

Therefore, we can write
Tdvo = -TU^U^a - Uvd»a)
= ~

- V„d^}.

(24)

Putting this together with (3), we find
/

T

~

Til

\

~ Vvd„a] = qU11 [F^ + -S„MJ

(25)

or

mV^S^ = qV^F^ + jV^V^a - K<V1Therefore,

= s. (v»F„„ +

v^a - wa^])

and

K = -fd.f

+ ^ (v»Fvll +

.

Defining a pure fluid factor N^u as
T
N\iv

— ~J

—

CTjl/V^),
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the acceleration vector simplifies to

Vv = -fd„f + -V11 (fv» + -N„A.

V

m

Q

(30)

J

Defining

GV =

(31)

substitution into (21) yields
(0 + jV^fW = (~fdaf + ~veGal3).a - Ba0B0a
- 8nt^V>xV/ - in ft,

(32)

which simplifies to
© + C = (-f9af),a + -V0;aGa0 + ^V0Ga0;a
m

m

—Ba0B0a - 87- 4tr/2t,

(33)

where we have defined V^d^ln f = C Using the relationship between B^u and

B^v, we find
© + C = (-fdaf);a + ~V0,aGa0 + ^-V0Ga0,a
m

m

—} Ba0f B0a - 2 B^Vyda In / + C2 - 8trt^V^V1' -

Air ft

= -V0;aGa0 + — V0Ga0-a - fBa0fB0a
m

m

+C2 - f(d2 In /) - 87rt^V^V1' - in ft.

(34)

Simplifying the left-hand side, we have
© = -V0,aGa0 + —V0Ga0;a - }Ba0fB0a + C2
m

m

-C - f(d2 In /) - Znt^V’' - in ft.

(35)

On further simplification of the B^B"^ terms, we have

© = ^~Sa0Ga0 + ^-V0Ga0;a - (ta0t0a
2m

+na0n0a

m

\

+ ^©2) + c2 - C - f(o2 in /)

Snt^V^V1' - in ft.

■

(36)

This final form of the generalised Raychaudhuri equation, incorporating the sta¬
tistical attributes of the gravitating hot plasma, reduces to the standard equation
in the limit f(T) —> 1.
142

Pramana - J. Phys., Vol. 69, No. 1, July 2007

Raychaudhuri equation for hot gravitating fluids
3. A Raychaudhuri equation for the unified non-Abelian magneto fluid

In a recent paper [8], we had generalised the proposed unification of the Abelian
magneto fluid [7] to a non-Abelian magneto fluid. The equations of motion for
the magneto fluid clearly indicated the possibility of solitonic solutions which are
normally absent in the Abelian case. The inherent non-linearities present in the
Yang-Mills magneto fluid allow such possibilities and a natural question arises
as to what will be the dynamics of a self-gravitating non-Abelian magneto fluid?
This is particularly relevant in view of the compelling experimental evidence from
the relativistic heavy-ion collider at Brookhaven National Laboratory (BNL) that
the universe in its first few moments may have existed as a quark-gluon fluid.
Since, large gravitational fields are also present in this epoch, it provides us with
a motivation to give a generalisation of the Raychaudhuri equation for the nonAbelian magneto fluid.
The suggestion in [8] was that each worldline would now carry an internal index
i labelling the non-Abelian species. Generalising the Lorentz force law to the nonAbelian case, we had derived the equation of motion for the magneto fluid in
terms of a unified antisymmetric tensor,
= Fl^v +
where Flis
the standard Yang-Mills field strength tensor while Slis given by
S\u = a„(/tr„) - d„(fU\) - igf[AU„Y +

Urf
(37)

with the gauge covariant derivative being defined by VM
— ig[A^,}. The
non-Abelian fluid equations of motion corresponding to eq. (3) for the ‘Yang-Mills
magneto-fluid’, with entropy cr are given by
(38)

Td^ = gMrUa,.
For a non-Abelian magneto fluid velocity vector U\, we can write

u IU ; <jis

Uiu ■,va

_ DM

TTtp

(39)

— 1 ^ pva u

Examining Bl^u =
B%p,w,aUia —

{Ul^Uia),v

~ RpLpuot U

~ U maUi

From our earlier work [8], we can write
tr ty

*

=

U\]VUiv = -F\„ui1'
m

for the generalisation of the Lorentz force law in the particle picture of the nonAbelian magneto fluid; the trace is over the internal, gauge group indices (i =
1...N = dim (gauge group)). Clearly, since now, U\UF = -A, we can henceforth,
assume that the U\ are normalised so that UlllUF = -1, i.e we assume that
jji

_y U\lVN.

With this proviso, we can define an orthogonal projection

tensor as before
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Ku = g„v + U\Uiv.

(42)

It follows that
V =

+ Ujt,U\Uiv = UK ~

= 0

(43)

and
hpVUjv = g^Uju + U\UiuUju = U\L - S^Uin = °Equation (40) can be reduced to
nt
tt a _ (rpi
na\
J-' pi/-,a^i
— l,
r pa^i )]v

m

_

p
jjiprjp _ Tji
jra
1 ^ppua o
^i
u p-,a^ i ; v •

Tracing over indices fi and v, and defining 0Z = B1 ^, we find
0i =

- RpaUiaUip - B\aBiaK

m

Once again, we can decompose the tensor B1 pU into its irreducible parts and write
pi

_ Tji

pi/ — O'

—

pU

+

ft1 pi,

+ —O lhpU.

It is to be noted here that we are considering a special sector of the magneto fluid
dynamics, that of a non-interacting sector of the full non-Abelian fluid as is seen
from our definition of the acceleration vector aAt = Ulp]UUiu. From a fluid point of
view, we are dealing with a multi-species model of the non-Abelian fluid. The full
non-Abelian interactions of the fluid will be explored in a future study. Returning
to the decomposition of B\u, we write

nl pu

- UK,,).

Clearly, these definitions give a decomposition of Bl^ into its irreducible com¬
ponents. As expected, the resulting Raychaudhuri equation, upon substitution of
Blinto eq. (46), is a multi-species generalisation of the standard Raychaud¬
huri equation. This non-Abelian generalisation of Raychaudhuri’s equation gives us
a means of studying the shear and vorticity of quark-gluon astrophysical plasmas.

4. Conclusion

High temperature plasmas have an important role to play in the early universe.
In what is known as the ‘classical’ or the ‘radiation’ epoch of the universe, both
gravitational and high temperature effects are of equal importance. Thus, for the
evolutionary dynamics of such a hot gravitating plasma, a generalisation of the
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Raychaudhuri equation to include finite temperature fluid forces as well as elec¬
tromagnetic effects was called for. Using a unified magneto-fluid approach to con¬
struct a generalised Raychaudhuri equation, we have attempted to respond to this
call. Non-linear plasmas also find an application in cosmology through the (now
compelling) evidence that a non-Abelian, non-linear quark gluon fluid existed in
the early epochs of the universe. To deal with the evolution of this fluid when
the gravitational effects are strong, we have laid the foundation of a generalised
Raychaudhuri equation for the evolution of non-Abelian gravitating plasmas. Most
interesting plasmas involve collective effects which are non-linear even in the special
relativistic situation and the inclusion of gravity can only lead to more intriguing
highly non linear phenomena. The investigation of further implications of the ideas,
germinated in this paper, is a promising avenue for future research. The amalga¬
mation and unification of ideas that cut across barriers always enriches physics.
We feel that any work of this kind is a fitting tribute to a man whose physics has
crossed international boundaries.
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Abstract. The equation of Raychaudhuri is one of the key concepts in the formulation of
the singularity theorems introduced by Penrose and Hawking. In the present article, taking
into account QED vacuum polarization, we study the propagation of a bundle of rays in
a background gravitational field through the perturbative deformation of Raychaudhuri’s
equation. In a sense, this could be seen as another semiclassical study in which geometry
is treated classically but matter (which means the photon here) is allowed to exhibit
quantum characteristics that are encoded in its coupling to the background curvature.
Keywords. Raychaudhuri equation; quantum gravitational optics; vacuum polarization.
PACS No.

04.62.+v

1. Introduction

Vacuum polarization is a quantum field-theoretic effect in which the photon exists
as a virtual e+e~ pair for a short time. This virtual transition assigns photons with
an effective size of 0(AC), where Ac is the Compton wavelength of the electron [1].
In a curved background, the photon propagation will obviously be affected by the
gravitational field if the typical scale of the space-time curvature L is comparable
to Ac. A simple analysis of null rays in classical general relativity implies that
a curved space-time, compared to the flat case, could be treated as an optical
medium with a refractive index [2]. The further addition of QED effects, in the
context of semi-classical gravity, leads to interesting phenomena such as dispersive
effects and the polarization-dependent propagation of photons. One of the main
consequences is the modification of the light cone in such a way that QED photons
do not propagate along null geodesics of the background geometry. They propagate
instead along null geodesics of an effective geometry. Quantum characteristics of
photon propagation in a curved background open up a whole new field. Coined
quantum gravitational optics (QGO) [3], it started with the pioneering paper by
Drummond and Hathrell and continued with detailed studies of the same effect for
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specific space-times [4-6]. The modification of the underlying space-time geometry,
felt by photons due to QED interactions, has led to some unexpected results.
Here we shall study the geometric properties of physical null congruences which
are families of physical null rays determined by the effective metric
These are
then distinct from the propertries of the geometric null congruences characterized
by the space-time metric g/tI/. Such congruences are special in the sense that the
modification of the light cone in a local inertial frame (LIF) can be described as
{V(a)(b) + «2cr(a)(6) (-#))
= 0, where rya)(b) is the Minkowski metric, a is
the fine structure constant and cr(a)(6) (-R) depends on the Riemann curvature at
the origin of the LIF. In a one-loop approximation, these photons travel with unit
velocity. For on-shell photons, some of the Newman-Penrose (NP) scalars play the
role of optical scalars. Their propagation along the rays is governed by the known
Raychaudhuri equation. We show that these scalars must be effectively modified to
describe physical null congruences and find that a new set of NP scalars contribute
to the definition of these effective optical scalars. Next, we discuss the modified
Raychaudhuri equation which governs the propagation of these scalars.

2. Vacuum polarized photon propagation in a curved background

The effect of one-loop vacuum polarization on the photon propagation in a fixed
curved background space-time is represented by the following effective action de¬
rived by Drummond and Hathrell [1]:

r=

f d x^~g[ -

+ f^iaRF^F^ + bR^F»xF\

+cRllXypFf‘xF‘/
Here, a = —
b =
and c — —
where a is the fine structure constant
and m is the electron mass. The notable feature in the above action is the direct
coupling of the electromagnetic field to the curvature tensor which in effect violates
the strong equivalence principle. It should also be noted that since the photons are
treated as test particles the backreaction has been assumed to be negligible. The
effective equation of motion can be obtained by varying F with respect to Av as
follows:
DllFt‘v + -L (2bR\DllFXl’ + AcR^D PFX^ = 0.

(2)

There are some approximations under which this equation of motion was obtained.
The first one is the low frequency approximation in the sense that the derivation is
only applicable to wavelengths A > Ac. By this approximation we ignore terms in
the effective action involving higher-order field derivatives. The second is a weakfield approximation for gravity. This implicitly means that the wavelengths Ac < L
are considered.
Employing the geometric optics approximation, the electromagnetic field can be
written in the form AM = Aa^el9, where A is the amplitude and a^ is the polariza¬
tion vector. If we now identify the wave vector as kM
the equation governing
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the components of this vector field for a photon with space-like, normalized polar¬
ization vector i.e,
= — 1, can be read from (2) as
2^

o

k2 + —rRtiXkl‘kx - -4Ru^pk^k^a-'a1’ = 0.
m2

m2

(3)

Equation (3) is an effective light cone equation which re-expressed in terms of the
Weyl tensor is given by
k2 + — +,4C) R^kx - ^C^xpk^k^ao = 0.
m2
m2

(4)

The corresponding momentum of the photon, i.e. pIL, is the tangent vector to the
light ray xAt i.e, p^ =
(s). Equation (4), being quadratic and homogenous,
could be written in the following form:
Q^vkyLkv — 0.

(5)

This shows that, at this level of approximation, QGO can be characterized as a
bimetric theory. The physical light cones are determined by the effective metric
Qnv, and are distinct from the geomerical null cones which are fixed by the spacetime metric g^u (Note that indices are always raised and lowered using the spacetime metric g^u)- Some implications of this bimetricity, including gravitational
birefringence and superluminal speed of light, have been discussed in [7]. In the
present study, we focus on modifications produced by vacuum polarization effects
on the propagation of light rays in a curved background.

3. Abreast rays, optical scalars and Raychaudhuri equation

The physical congruence is specified by the integral curves 7 of the vector field
AT parametrized by the parameter u and scaled such that
= 1. The con¬
necting vector field q^ is introduced [8] in order to examine the relation between
the neighbouring curves of the congruence. Defined along a particular curve 7, it
characterizes the displacement from a point P G 7 to a point P on a neighbouring
curve, where P and P’ have the same parameter value u. Mathematically, this
means that q^ is being Lie transported along the curve by the vector field AT, i.e.
Ckqt* = 0,

or Vfc^ = V^.

(6)

Here the notation Vx = XaV a for directional covariant derivative is used. Using
the NP tetrad formalism and following closely the notations of [8] and [9], as a
first step, we choose a null tetrad with T to be the null vector along the photon
momentum. Let aP and T be space-like transverse vectors (later they will be
identified with the polarization vectors). Define the complex null vectors 77T and
77T by 77T =
(cT + iband ffT = ^ ((T - z£T) and add to this set another real
null vector

All the null vectors satisfy the usual NP orthogonality conditions
l-m = l’fh = n- m = n- m = 0,
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and
l-l — n-n — m-m — m-m — 0.
The normalization conditions
l • n — —m • m = 1

(9)

are also imposed. We assign a vierbein eto
this tetrad [10] as
(o)
e(i)

= e(2) = l,

e(2) =

e(3) = —e*4) = m,

= n,

(10)

e(4) = -e*3) = m,

with the frame metric of the form

^(o)(6) — e(a)ev(b)

/0 1
1 0
0 0

0
0
0

\0 0 -1

0
0

\
(11)

-1
0

J

In the tetrad formalism, various quantities called ‘Ricci rotation coefficients’,
(c)(a)(&)> are employed to account for the tetrad covariant differentiation. These
quantities can be defined as

7

e(a)n;is

^7(c)(a)(6)e[/ ^.

(12)

In the NP formalism, they are called ‘spin coefficients’ and are designated by the
following special symbols [9]:

K = T(3)(i)(i);

P = 7(3)(l)(4j;

6 = 2 O^XiH1) +7(3)(4)(1)) ;

G = 7(3)(1)(3) 5

P = 7(2)(4)(3);

7=2 (7(2)(1)(2) +7(3)(4)(2)) ;

A = 7(2)(4)(4)l

T = 7(3)(1)(2);

0=2 (7(2)(1)(4) + 7(3) (4)(4)) ;

" = 7(2)(4)(2);

7T = 7(2)(4)(1)!

& =

2

(7(2)(1)(3) +7(3)(4)(3)) •

A general rule for obtaining the complex conjugate of any quantity is to replace the
index (3), wherever it occurs, by the index (4) and vice versa.
The NP formalism is most advantageous when the null tetrads introduced can be
completely tied to the geometry of the problem. Otherwise, some freedom remains
in the choice of the basis as a result of subjecting it to the Lorentz transformation.
This has the effect that many of the quantities involved in the calculation are of
the same nature as gauge quantities whose values transform in certain ways as the
basis frame is varied in accordance with the remaining freedom. In QGO, one null
direction is singled out and that is the unperturbed photon momentum which is
fixed in the direction of the null vector P. Therefore the allowed transformations
would be those which leave the P direction unchanged and preserve the underlying
orthogonality and normalization conditions. These are classified as follows:

150

Pramana - J. Phys., Vol. 69, No. 1, July 2007

Raychaudhuri equation in quantum gravitational optics

class I :

l i—» l]

class II :

mi—> m + al\

l i—> A~ll;

mi—>m + a*l\

n i—* An;

m i—» el9m;

n \—> n + a*m + am -f aa*l;

fh i—> e_ll9m,

(14)

where a is a complex function and A and 9 are two real functions on the manifold.
We now proceed to write down eq. (6) in the above tetrad basis. Before doing so,
let us employ all the gauge freedom that we have to fix the tetrad basis. As the
tetrad frame is transformed, different tetrad components will be subject to changes.
Starting with the l vector as the velocity vector along the geometric congruence,
we have

V/A = (e 4- e*)

— /tmM — n*mM

oc A

==> n —

0.

(15)

Moreover, if they are affinely parametrized,

V/A = 0

=>n = e = 0.

(16)

If ft = 0, the latter requirement can be met by a class II rotation which will not
affect the direction of / nor of the initial vanishing of k. This is because we have
7(c)(a)(b) ~ e(c)e(a)/c;ie(6)5

K =

7(3)(1)(1)

= mklk-ill I—> e’emk(A~liy(A~1lk);i

= A~2ei9K 4- eie(m.l)A-1(V,A-1) = A-W

e

= \ [7(2)(1)(1) +7(3)(4)(1)] = \ [nkh;il' + mkmk.iv] >—>•

- \Ank (A^lk),. A~kV + eiemk (e~iem)k i A~ll'

2

.

5

*

= - [n^/jtjiTA-1 + (n • /) A”1/1 + mkfhk-il1 A~l — i9-i (m • fh) A~lll]

2

= li4-1e-li4-2V,i4+liA-lv,fl.

(17)

By a suitable rotation of class I, it could be arranged so that 7r = T(2)(4)(i) vanishes.
Thus
7T

=

7(2)(4)(i)

= nkmk-ill >—* (nk + a*mk + amk + aa*lk) (m + a*l)k;i ll
= 7T + 2a*e + (a*)2 k + Via*.

(18)

In a similar fashion, we find that the spin coefficients k and e transform as k i—* k
and e i—> e + a*n in this class. So the gauge, that we are working in, is the one in
which k — 6 = 7r = 0. After such a rotation, the newly oriented vectors n, m and
m will remain unchanged as they undergo parallel transport along l. This could be
invoked through the following relations:

V/nA = 7r*r - /oA + (e - e*) ttA,
V/?A = tt* fh1' + ttttA - (c + e*) rA,

Pramana — J. Phys., Vol. 69, No. 1, July 2007

(19)

151

N Ahmadi and M Nouri-Zonoz
with the right-hand sides vanishing in the above gauge. Now we have exploited all
the gauge freedom that we had and are ready to write eq. (6) in the above gauge.
We only consider states which propagate with a well-defined polarization. For two
transverse polarizations expressed in terms of the vectors
and raM, representing
the left and the right handed circular polarizations, we have

-4
2c

(b + 2c) RXvla

C\OKl° (mx ± mx) (mK ± mK)

171“

On multiplying by e1°^, we get

Wc> = (Vc)(a> ^ A(c)(a))
+

2

9W 7(a)(1)(f) + 9(a)7<o)(c)('%),

(21)

where
A<c)<a)

j^j-(c)(a)

:= -(b + 2c)R{c)m t (2c)M(c)(a),
gr(c)(3)(a)(3) + £f(c)(4)(a)(4)

^(c)(3)(a)(4) _j_ £»(c)(4)(a)(3) y

(22)
The specifically gravitational birefringence shows up here in M0)(c) (we note that
j^c){a) _ ^(o)(c)^ Equation (21) is a system of coupled differential equations
describing the propagation of the tetrad components of the connecting vector along
the velocity vector k^. The second term in (21) appears as a consequence of the
propagation of the null tetrad along the physical ray (with the tangent vector AT)
i.e. quX7kCy"1 ■ We introduce different tetrad components of q^ in the following way:
qM = gl^ + £fhM + £raM + hn/i.

(23)

Thus
9(1) = 9(2) = 9;

9(2) = 9(1) = h;

<7(3) = -q{4) = £

g(4) = -q{3) =
(24)

Explicitly for c = 4, eq. (21) gives

= (V4><3> +
\

J

[9(2)7(3)(1)(2) + 9(3)7(3)(1)(3) +9<4)T(3)(1)(4)]
+ ^2yl<4)<4)[9(2)7(4)(i)(2) +9(3)7(4)(1)(3) +9(4)7(4)(1)(4)]

+ ^2

4<4)<2)9(6)7(2)(1)((,) - ^-4<2)(',)9(a)7(a)(3)((,)

(25)

in which the last term is again the contribution due to null tetrad propagation along
the physical ray discussed below eq. (22). In order to identify the geometrical and
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physical content of this equation, a ‘covariant approach’ in which any complicated
gauge behaviour is completely avoided must be chosen. For example, in eq. (25), the
term ^4^4^2^7(4)(i)(2)5 having a complicated gauge behaviour, transforms into
[^(4)(4) -2aA(4)(2) + a2A(2)(2)Jg(2)[7(4)(1)(2) + a*7(4)(i)(3) + a7(4)(i)(4)]

(26)
under a class I transformation. To keep the formalism covariant, we remove the
gauge-dependent terms by applying the extra condition that the neighbouring pair
of rays obey the relation
q.k = 0.

(27)

We call such rays abreast [8]. This is a primary constraint and it means that
O (a0) :

q.l = 0 =>> h = 0;

O (a1) :

A(i)(a?t2) — 0 => $oo — $oi — $io —

— 0.

(28)

The parametrization independence of the abreast ray constraint can be seen by
making the substitution q^1
q^ -f Ak^. We also emphasize that, provided the
abreast constraint (28) is satisfied, the tangent vector k^ is given by

fy2) = 1 _ ^2j4(1)(2)>
k2 = O (a2) ,

*W2) = 0,
= O (a2) .

(29)

The abreast rays are special physical rays whose effective light cone condition, in a
local inertial frame, is given by

(17(a)(4) + o?a(a)(b) (R)) *<«>*« = 0.

(30)

This should be compared with the general light cone modification (3) induced by
the effective action (1) which is of order a.

3.1

Effective optical scalars

To study the evolution of the cross sections of (physical) bundles of rays, through
their so-called optical scalars [8], we start with the covariant deformation of f:
V*£ = - (£<x + ip) + Ta(4)(3) (fr + ?p) + A^(4)(4) (Ip* + fr*) •
III

III

(31)
The transverse distances from a specified ray 7 are (frame) observer-independent.
Therefore, for abreast rays, optical scalars bear explicit physical interpretations.
To simplify the case we consider propagation along k of the area of a small triangle
formed by the points
1 and f2 (see figure 1). Thus we have
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Figure 1. Three abreast rays of a congruence and the small triangle formed
by two connecting vectors
72

£1

and £2, connecting the ray

7

to the rays

71

and

in the ram-plane.

Vk$A = V k

2

(66

p _ _L

~

66)

+ A<3)<3)<t) + C,

SA.

The scalar quantity
—Re

p_i_^(3)(4)p + A(3)(3)ff)

is called the expansion parameter #eff- Its role as a measure of the pattern conver¬
gence (or divergence) is clear from equation (32). This equation shows that in an
effective theory, unlike in the classical case, the local effect of a can also change the
area. Another useful parameter, the ‘luminosity parameter’ L, is defined along a
bundle of rays as L2 oc SA and is related to #eff as follows (using equation (32)):
V/tL = 6effL.

(34)

In other words, the expansion parameter is the logarithmic derivative of the lumi¬
nosity parameter. An alternative formula for #eff is given by k** .
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Setting 0eff and the coefficient of f equal to zero in eq. (31), we obtain
= —ilm

p~(#Wp + Al8)(J>a)

f-

(35)

Thus it can also be claimed that Im [p — A?
p+
measures the
twist in the bundle’s cross-section and can be called the effective twist,
The
fact that this combination of scalars is a measure of the twist is consistent with the
requirement that it measures the failure of k^ to be hypersurface orthogonal. In
the same spirit, if 6eft = cueff = 0, the remaining part of eq. (31), i.e

<T+ T (yl(4)(3V + A(4)(4y) ,

(36)

can be interpreted as the effective shear creff. This is a measure of the distortion in
the shape of the bundle’s cross-section so that a circular cross-section transforms
into an elliptic one.

3.2 Effective Raychaudhuri equation
In order to study the variation of the above effective optical scalars along the
physical ray, one can examine the second derivative of the connecting vector
propagating along the wave vector
through the operation of V& on eq. (1):
VfcV*?" = V* (V,*") =

+ RxJkxq‘'ka

= RtoS&fk’ + O (a2) .

(37)

On multiplying by ep and taking the components corresponding to the tetrads
subjected to parallel transport, we get
V*Wc) = R(1

+ fl(1)(4)(1()c){ + o (a2) .

(38)

We have neglected here the terms, including the product of curvature components,
which would be suppressed by O(Aj). From eq. (31), we obtain the useful (2 x 2)
matrix form as
V&Z — PZ,

(39)

where
f? _ (

U/’

_ ( ^eff - iUeff

V

^eff

\

*e*ff+KW'

For abreast rays, eq. (39) reduces to
V*P = -P2.
Equation (41), written out in full, leads to the directional propagation of the effec¬
tive optical scalars as
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2$eff(TefF,

(42)

Vfc^eff = — 2#eff^eff,

(43)

—

Vfc^eff =

CU2ff -

#2ff

- |(7eff

(44)

,

the last of which is the effective Raychaudhuri equation whose physically important
consequences are discussed below.

4. Discussion

In the derivation of the classical version of the Raychadhuri equation [11,12], the
variation of the tangent vector k^.u is projected [13] on the plane spanned by m^
and raM. Then the antisymmetric and symmetric parts of its trace are designated
as expansion, vorticity and shear respectively. In the present modified version,
we chose, through eq. (6), an equivalent method in which the variations of the
connecting vector qM instead of the tangent vector have been considered and then
the corresponding effective optical scalars have been defined. The invariants of
the theory are easily seen in this way. For a luminosity parameter L, we see from
eq. (43) that V& (L2ajeff) = 0. In other words, q • k and L2cjeff are the constant
geometric quantities along the congruence. Also, for two neighbouring rays of 7,
whose connecting vectors q^ and qM independently satisfy eq. (37), a symplectic
invariant is assigned as follows:

q^kQti ~

(45)

The constancy of expression (45) along 7 is a consequence of the interchange
symmetry of the curvature tensor and eq. (37):

Vfc (q^VkQtx ~

V*^) = (VfcO (Vjb^x) +
- (Vfc<T) (V*<fo) - FVkVkq»
~ q^1 R\v(jquka - q^R\ua^xqwka = 0.

Considering only abreast rays, expression (45) can be written in the form
\

zT(ykz)

\

•

- (vkzT)z

(46)

1

= zt{pz) - (pz)tz = ztpz - ztptz

m ( B 7J5* - B ) ( f ) =

- d)(B - B*) a (SA)ojeff cc L2ojef{.
(47)

The above is, in effect, a restatement of Vk (L2caeff) = 0 in which B — #eff - za;eff
and T denotes Hermitian transpose.
These invariants reduce to the classical ones in the limit of zero perturbation and
therefore there remains no anomaly in QGO. This is the case since we have applied
the symmetries present at O (a0) as a set of constraints and exploited them to find
the covariant quantum corrections. Since the effective action, that we started with,
has been derived in a gauge invariant manner [1], the results obtained here are also
gauge invaraiant.
\
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The classical limit of eq. (44) can be compared with that corresponding to the
standard (purely general relativistic) Raychaudhuri equation, namely
Vfc#

- u2 - 02

-

|cr|2 - -R(i)(i).

(48)

The last RHS term above is negative for all known forms of ponderable matter. For
an initially contracting congruence, in the absence of rotation and shear (p real and
<7 = 0), it leads to the divergence of the expansion parameter (6 —> —oo). This is
a necessary though not a sufficient condition for proving the singularity theorems
[14]. In our case, a real p and vanishing a are equivalent to cjeff — creff — 0- Using
(44), we see that during the propagation along the ray, it differs from zero only by
0{a2) [15],

Vtfl = -e2 + -kA3)(4)02 + o (a2)

.

(49)

lib

On the other hand, the last RHS term in eq. (48) does not appear in our calculations
due to the abreast ray conditions. Even if R(i)(i) = 0, however, the correction terms
calculated in this paper will contribute and their sign must be taken into account.
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